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① Steps towards full two-loop SM calculations

Aim: so far little feeling for size of corrections from bosonic sector .

Very comple x: electr oweak SM: 57 ver tices 11 types of lines � “m ultiple factorial”

growth of comple xity

� QED and QCD on electr oweak processes: limited number of diagrams

� relativel y small number of diagrams involving top or physical Higgs

� full gaug e boson sector (inc l. Higgs- and Fadeev-Popov ghosts) large number of

diagrams

Steps of technical complications: self–ener gies � form–factor s � boxes

Complete calculations of obser vables availab le so far onl y for � –decay

Awramik&Czak on, Onishc henk o&Veretin

Full two–loop renormalization program: need full set of counter terms. e.g., on-shell

renormalization scheme � , � � and � � as basic parameter s (QED–like scheme) �

calculate gaug e boson mass counter -terms (equiv .� 	 vs. pole mass relation)

Theoretical issue: About the proper definition of masses of unstab le par tic les

(Stuar t, ’91, Sirlin, ’91, ..., Kniehl, Sirlin, ’98)
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The pole mass of the weak gaug e bosons

(at two–loops)

The mass and width of a massive gaug e boson 
 are defined via the position � � of the

pole of the full propagator (=zero of its inverse)

� �� ��� �  � � � � � � � � � ��� � � ��� � ,

� � ��� � � � � � transver sal par t of the one-par tic le irreducib le self-ener gy (depends on all

SM parameter s)

� bare amplitude in terms of bare parameter s ( � � � � � ��� � � � � � � ��� )

� renormaliz ed amplitude in terms of renormaliz ed parameter s, e.g.,� 	 (no inde x)

Proper ties of the pole:

� gaug e invariant

� infrared finite

� comple x in general

Defines pole (on–shell) mass � and width � via

� �! � �  " � � .
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Renormalization

The renormalized amplitudes

# $ %& '(*) +-, ) $ %& +/. . . 021 #4365 7$ %& ' () +-, ) $ %& +/. . . 068 #43 ) 7$ %& ' () +-, ) $ %& +/. . . 068 . . .

to two-loops read (indices: 0=bare, r=renormalized)

9;:=< >? @ABCED FHGD ? @A FJI I I KML N 9;
:=< >? @OBCED FHGD ? @O FJI I I K�P B!Q GD ? K:=< > R BCED R GD ? @ A KQS :=< >? T

UUUUU VXW YZ[4\ VXW YZ]^[\ ^]

9;:D >? @ABCED FHGD ? @A FJI I I KML N 9;
:D >? @OBCED FHGD ? @O FJI I I K�P _ 9;:=< >? @ O BCED F GD ? @ O FI I I K P B Q GD ? K:=< > `Q S :=< >?

P a B!Q GD a K: < >cbb GD a @O 9;:=< >? @O P B Qd K: < >bb d O 9;: < >? @ O P B!Q GD ? K:D > R BCED R GD ? @ A KQ S :D >? T
UUUUU VXW YZ[e\ VW YZ]^[\ ^]

where in the f g scheme order by order the mass-counter-termB Q GD ? K: a > subtracts the h –poles atCD L GD ? @A and the

wave-function renormalization counter-termQ S : a >? subtracts the h –poles remaining whenCD iL GD ? @A
Strictly speaking the renormalization of the ghost sector (in particular of the gauge parameter) is not discussed here, because

its not needed for what follows. In case of theS the j RS -mixing is an additional complication (see below).
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Pole mass and k l -mixing

In the neutral gaug e boson sector because of k l -mixing we have to consider a mn m

matrix propagator
oqp r ��� ��� s

t
��  � u u ��� � � u � ��� �

� � u ��� � ��  ��� � � � � ��� �
v

w

Position of l -pole:

� �x � � � � � � � � � � yD z{|~} � �} �p y z z|} � � � � .

❏ Mixing term �� u � star ts contrib uting at two-loops

❏ Photon term � u u onl y contrib utes beyond two-loop

Notation for self-ener gies � � ( 
 � � � l ) with

� � ��� ��� � � ��� � � � ��� ��� � � �

� � ��� ��� � � � � � � � � �� ��� � � ��� �� u � ��� ��� � � �

��  � u u � �� ��� � � ��
Formall y, same form ulae appl y for � and l .
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Pole mass “master form ula”

By iterative solution of the pole form ula to two-loops we obtain our master form ula:
� � = , )

8 # 365 7 ', ) +-, ) +. . . 0

8 # 3 ) 7 ', ) +-, ) +. . . 08 # 365 7 ', ) +, ) +. . . 0 # 365 7�� ', ) +-, ) +. . . 0

8 . . .

whic h yields the pole mass � � and the width � at this order. �|�� � is the bare ( � � � � )

or� 	 -renormaliz ed ( � the� 	 -mass) � -loop contrib ution to � , and the prime

denotes the deriv ative with respect to �� . In this way we need to evaluate propagator

type diagrams and their deriv atives at�� � � � .

Note: the �� –dependence has disappeared in this solution; it turned into a

mass–dependence whic h cannot be disentangled from the original mass dependence of

the off-shell amplitude .

Remark: the mix ed �| r � � �x� � �x� ��� � � � �| r ��� � �x� � � � ��� � � � term is crucial for getting a

gaug e–invariant result for the two–loop mass counter –term
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Diagrams and topologies

To be computed on-shell ((*) 1 , ) $ ): # '(*) 0 1 #5 '(*) 08 #) ' () 08 . . .

Π =(2)

HΠ(1) =

H H H H

H

H

H

H

H H

H

H

H

HH
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Bosonic contrib ution

Number of diagrams linear � ���� ���� nonlinear � ��� �� �

one-loop � � ��

two-loop � ��� � ��� � ��� � ��� �

�   �   ¡ ¢£ ¤ £ �� � ¤ ¢¥

¦ ¥§ ¡ £ � ¤£ � ¢ ¥ ¡§ £ ¡

With one massive fermion famil y

two-loop � ��� � ��� � ��� � ��� �

� ¤ � ¡ £ £ �� � � � ¢   ¢ �

¦ § § � ¥ ¥ ¤ �    § �   � £
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Gauge
K. Fujikawa ’73

D.A. Dicus & C. Kao ’94

The gauge fixing Lagrangian is ¨ ©«ª ¬ª 1  5 �®°¯ ±¯ ²  5 ) � '´³ µ·¶ µ 0)  5) �¸ '³ µ � µ  ¹º=» º�¼ 0)

where for the linear � � gauge is ¯ ½ 1 ³ µ ¦ ½µ¿¾ À ¹Á » Á Â ½

and the nonlinear � � gauge is defined as ¯ ½ 1 ³ µ ¦ ½µ´¾ À ¹Á » Á Â ½¾ À� ¶ µ ¦ ½µÄÃ À�ÆÅ ÇÈ W É ®ÊËÅ É ® � µ ¦ ½µ

The old vertices:
Ì¶ µ + � µÍ ¦ ½µ ÂÏÎ � Ð �� Ñ �

Ì¶ Ò + � Ò +¶ µ¶ Ó +¶ µ � Ó + � µ � ÓÍ ¦ ½µ ¦ Î Ó , �Ô À Õ À� Ô

Ì¶ µ + � µÍÖ ½Ö ½ , �Ô À Õ À� Ô

¦ ½Ö ½ Ì¿× Ø +�Ù º Í , �Ô À Õ À� Ô

The new vertices:

Ì¶ µ¶ µ +¶ µ � µ + � µ � µÍ Ö ½Ö ½ Ñ� Ú

Ì¶ µ + � µÍ ¦ ½Ö ½ Ì× Ø +�Ù º Í Ñ� Ú
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Evaluation of 2–loop self–ener gies

There exist a number of programs, whic h calculate the “b ubb le–dia grams” (analytical), obtained by low

energy expansions, but also arbitrar y self-ener gy diagrams (analytical and 1-dimensional

integral-representations):

Û a class of massive 2–loop–integrals

(Broadhur st 90, Fleisc her, Kalmykov, Kotik ov 99), whic h depend on one scale onl y have been

implemented in ONSHELL2

(Fleisc her, Taraso v 92, Fleisc her, Kalmykov 00),

Û in general exact analytic results are not kno wn and one has to resor t to series expansions at low or

high energies

(Broadhur st, Fleisc her, Taraso v, ’93, Fleisc her, Taraso v,’94, Fleisc her, Kalmykov, Veretin, 98), whic h

may be combined with methods of conf ormal mapping and Padé–resummation,

Û a combined analytical-n umerical program for 2–loop self-ener gy functions has been developed by the

W”urzb urg/Leiden–Collaboration

(Bauber ger, Berends, Böhm, Buza, ’95, Bauber ger, Böhm, ’95 ),

Û for the reduction of integrals to a basis of standar d-integrals there exist packages whic h solve the

systems of recurrence-relations

(Taraso v ’97). Utilizing relations between integrals in diff erent dimensions Ü the problem of

irreducib le numerator s could be solved

(Taraso v ’96b)
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Û For integrals sho wing up in a large mass expansion the package TLAMM

(Avdeev et al., ’97) is availab le.

Û Various expansions with respect to small parameter s may by utiliz ed

(Smirno v, ’90, ’95, ’99 ,’01)
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Evaluation by expansion

Check of gaug e invariance: � � gaug e (independent gaug e parameter s ¹ Á , ¹º and ¹ Ø ) Then there are

several scales: , Á + Ý ¹Á , Á + , º + Ý ¹º , º + , Þ

We perf orm expansions in 3 steps:

1. Taylor (naive) expansion in ' ¹ $  � 0 : i.e., propagator s of the vector bosons and associated Higgs

scalar ghosts look like

ß ?àá|â �äã å
â D p æD ? _p ç àáè | rp é ? �â àâ áâ D p æD ?p | rp é ? �D æD ?â àâ á

| â D p æD ? �D è ê ê ê `

ë ?|â �äã å
â D p æD ? rp | rp é ? � æD ?â D p æD ?è | rp é ? �D
_

æD ?â D p æD ? `
D è ê ê ê

where ì 1 ¦ + � .

2. Expansion in the small parameter

íîï ) ð Á 1 �  , ) Á, ) ºñ � �ò ¡£
by whic h, ) Á 1 , ) º ' �  í îï ) ð Á 0 ; no–Hig gs diagrams then are one–scale and can be calculated

analyticall y with the ONSHELL2 package.

3. Diagrams with Higgs–lines are expanded for large, Þ in

óô , ) º õ , ) Þñ � �ò  £

using the TLAMM package
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Gauge invariance

As we kno w, resonant � and ¦ bosons decay mainl y into fermion pair s. Indeed, if we switc h off the

fermions (as we do here) the gaug e bosons are close to stab le! For the purel y bosonic contrib utions

alone the imaginar y par t of # '() 0 on the mass-shell is zero at the two-loop level. This is due to the fact

that in the bosonic sector we have the physical masses , Ø 1 � ,» º ,» Á and» Þ and by inspection of

the possib le two and three par tic le intermediate states one obser ves that all physical thresholds lie above

the mass shells of the ¦ and � bosons, i.e., the self-ener gies of the massive gaug e bosons develop an

imaginar y par t onl y at() ö» ) $ (to two loops in the SM). On kinematical grounds imaginar y par ts could

sho w up from the Higgs or Faddeev-Popo v ghosts, whic h have square masses ¹ $» ) $ , for small values of

the gaug e parameter . However, as we have verified, the two-loop on-shell self-ener gies are gaug e

independent. This implies that ghost contrib utions have to cancel and hence cannot contrib ute to the

imaginar y par t. Thus � � 1 » ) $ in our case. In higher orders for the � –propagator one gets an imaginar y

par t as soon as() ö � , from diagrams like

� �¦ ¦
÷

...

÷

ò
For the ¦ –propagator an imaginar y par t is onl y possib le for () ö» ) Á , because charge conser vation

requires at least one ¦ in any physical intermediate state .

Drawbac k of our choice of expansion about ¹ø 1 � : analytic structure (ghost thresholds) lost: do not get

correct imaginar y par t from ghost contrib utions !
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Examples:

1.) threshold () 1 £ ¹º«» ) º of

� ù Â*ú Â*ú production, Â*ú the neutral Higgs ghost

whic h is belo w the � mass-shell () 1 » ) º when ¹º ñ 5 û

2.) threshold () 1 ¹ Á » ) Á of

¦ ½ ù Â ½ ÷ production, Â ½ the charged Higgs ghosts

whic h is belo w the ¦ mass-shell () 1 » ) Á when ¹Á ñ � .

Thus for small values of ¹ we do not get correct imaginar y par t diagram by diagram. However, ghost

contrib utions must cancel on-shell. Thus by gaug e invariance , whic h we check we kno w that we get the

correct result. At one–loop one may check this analyticall y.

(Fleisc her, Jegerlehner , ’81)

Cancellation is highl y non-trivial: a consequence of the Slavno v-Taylor identities, whic h tell us how Higgs

ghost, Faddeev-Popo v ghosts and scalar components contained in the gaug e boson fields decouple from

physical amplitudes like the physical width.

For gaug e parameter s ¹ ö � the imaginar y par t of the ¦ and � self-ener gies in the bosonic sector up to

two-loops is zero, by appl ying the Cutk owsky rules and inspecting all possib le two and three par tic le

intermediate states allo wed by the SM Lagrangian. While for ¹ ö � the imaginar y par t is zero for each

individual diagram, for small enough values of the gaug e parameter s a nontrivial cancellation must take

place . An independent direct check of this is possib le by considering the problem in the limit ¹ ù � , for

example .
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Results

Û UV renormalization is exact (analytic);

UV singularities (poles � õ´ü ) and � õ´ü ) are not affected by SSB;

ý check against RG results within unbr oken theor y (Jones, ’82, Machacek, Vaughn, ’83) ✓

Û confirms IR finiteness of on–shell mass for both � and ¦

Û gaug e invariance of position of pole � � ;

requires taking into account tadpoles ✓

Û large, Þ expansion breaks down at large, Þ
because of str ong coupling problem (gets non-per turbative)

Û relation between þ ÿ and pole mass exhibits unph ysical terms propor tional to, û Þ , whic h violate

Veltman’ s screening theorem: in obser vables at L–loops:

� ', Þ 0 ù � ' '�� µ , ) Þ 0�� ²5 �ï ', Þ õ» Á 0) 0�� í , Þ ù 	

The fake terms drop in 
��  � � � ��� ��� ���� � as they should. ✓

� behavior for intermediate Higgs masses: looks O.K. down to

about 130 GeV

� complete 2–loop calculation of fermionic corrections inc l. QCD complete

� one of the main ingredients of full 2-loop corrections to � –decay:

Awramik&Czak on, Onishc henk o&Veretin
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Form of results

� ��  � � � � �
� 

�  !  
 ��  " � #$
%'& (� � �
� 

�  !  
 ��  " � #
$ %  (� )

$ %  (� � �+* ,�-* �
.

/0 1 
��
 / " �32 �/54

2 �6 � .
70 12

�6 8 7 �
�  �� , #
7

All parameter s in � 9 scheme.

Six coefficients calculated analyticall y. Expansion in powers and log’ s (i.e., is an asymptotic expansion

not a naive Taylor expansion). Expansion coefficients2 6 8 7 given by a small set of transcendental

constants like:

9 1 � !
:; < �4 = �; >? ? ;  @ 4 4 4 )

9 & � !
:; �� ; < �4 ? ?A   A A >A 4 4 4 )

9  � B
?

Cl  CED FG
:; < H4A  H B; B �; >  ; A �  A 4 4 4 )

9 F � ! Cl  CID FG < ; 4 � = =@ ; ; H ? >4 4 4
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J K mass in terms of on–shell mass

Inverse of “master form ula”: express allL M parameter s in terms of on-shell ones:
�  � � � � � NO %'& (� � O %  (� � O %'& (� O %'& (�QP R S

�
7T

U � 7WV %'& (YXX � 7
NO %'& (� � T U� V %'& (XX �
NO %'& (�
ZZZZZ [� \0 �]� \ 8^ 0 ^ _` )

sum runs over all species of par tic les a � b )dc )fe

T U � 7WV %'& ( � � gh NO %'& (7
ZZZZZ [� \0 ��� \ 8^ 0 ^ _`

i � � � �  jk�  !  
��  " �$ %'& (�
ZZZZZ [� \0 ��� \

stands for the self-ener gy of the a th par tic le at l  � � 7 in theL M scheme and parameter s replaced by

the on-shell ones. Includes a chang e from theL M to the on-shell scheme also for the electric charge

� T � V �� jk m � � �  jk�  !  �
>

A �� �
� �

�  # �
�

; #n
with�  jko B ! � p < �o �; > q NO %'& ( depends on� by an overall factor�  onl y,

T U� V %'& (XX �
NO %'& (� � � 

�  !  m > �� �
� �

�  # �
A

; n
NO %'& (� 4
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On-shell scheme mass counter -terms

Identifying �  � � �  � 8 1 � � � �r � � in inverse MF s on-shell gaug e-boson mass counter -terms

r � � :

r � � � � gh t
u O %'& (� 8 1 � u O %  (� 8 1 � u O %'& (� 8 1 u O %'& (� 8 1P

� 7T
r � 7 V %'& ( XX � 7 8 1
u O %'& (� 8 1 � T r � V %'& (XX � 1
u O %'& (� 8 1 v
ZZZZZ wyx z{|~} � x z�|�} � ��

� b MS

� b jk � � � �
in terms of the original bare on-shell amplitudes

u O % 6 (� 8 1 � O % 6 (� 8 1T l  ) �  � 8 1 ) � � �VZZZ �� 0 �]� � 8 [� \�� 0 �]� \ 8^ � 0 ^ _`

and the bare on-shell counter -termsr � 7 andr � .

The second equality givesr � � in terms of the singular factor b MS

� �  � 8 1o �  �T � V and the finite factor

b jk � �  �o � � . These will be needed in two-loop calculations of obser vables in the on-shell scheme.

Explicit expressions in (Jegerlehner , Kalmykov, Veretin, ’01)
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② The quark pole mass

The tensor decomposition of the one–par tic le irreducib le self–ener gy of a massive

fermion

�� ��� � � � � � � has the form
�� ��� � � � � � ��� ��� � �
�� ��E� � � � � � � ��� �� �� ��E� � � � � � � � �

� � �
�� �� � � � � � � � ��� �� �¡ �� � � � � � � � � � ���� ��� ��� �¡ Lorentz scalar functions depending on all parameter s of the SM. At ¢ �¤£ £ ¥ ��� � �¡ � ¦ . The position of the pole

�§ is given the zero of the inverse of the

connected full propagator . By iterative solution we have up to 2-loops:

¨© ª � « � � ¬ � �� � � ¬ �Q ¬

� ® is the bare ( � � � ¯ ) or J K - renormaliz ed ( � the J K -mass) ° -loop contrib ution

to fermion self-ener gy, the prime denotes the deriv ative with respect to � and�� ��� � � � � � � �
�� ±+² ³]´ µ ª | � � � � � � � ¯ � �
��  �ZZZ ² ³´ µ ª | �·¶ ¶ ¶

and define dimensionless “on–shell” amplitudes � , ��¸ by��ZZZ ² ³´ µ ª | � �� � ¯ �� � � ¯ �� �ZZZ ³x ´¹ ªx |º � � ¯ � � � ¯� � � � �
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and

�
��» �ZZZ ² ³´ µ ª | � t
¼ ��

¼ � ��� � � v
ZZZZZ ² ³´ µ ª |

� m
�� �½ � �
¾ �� �½ � � ¯
¾�� n
ZZZZ ³x ´¹ ªx | º �» � � ¯� � � � �

where

¾¿ ��À� � � � � � denotes the deriv ative of ¿ ��À� � � � � � with respect to �À� .

In this way we need to evaluate propagator type diagrams and their deriv atives at

�Á� � � �

What is the interpretation of the comple x mass

�§ º § ¸ � �
½ Â¸

M. C. Smith and S. S. Willenbr ock, Phys. Rev. Lett. 1997

We define the pole mass § and the on–shell width Â as in the bosonic case by (look at

±�Ã ±� ) �§ � � § � � � § Â � §  � � Â � Ä�Å � � § ¸ Â¸

suc h that

§ � §  � � Â � Ä�Å Æ Â � § ¸
§ Â¸

Since § � § ¸ � ¢ �¤£ � � and Â � Â¸ � ¢ �¤£ � � for the ¢ �¤£ £ ¥ � terms considered in this

paper we can identify § � § ¸ and Â � Â¸ in the follo wing.
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③ Diagrams and topologies

To be computed on-shell (�Á� � � � Ç ):

γ

The two-loop one-par tic le irreducib le diagrams contrib uting to the pole mass of a quark.

È ¯ is the neutral pseudo-Goldstone boson and È is charge pseudo-Goldstone boson.
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Tadpoles

H

g

t
H

g

t

t

The two-loop tadpole diagrams to be inc luded for gaug e and renormalization group

invariance .
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④ Reduction to a set of master -integrals

In order to check gaug e invariance we perf orm all calculations in the É Ê gaug e with

three independent gaug e parameter s ËÌ � ËÍ � Ë Î . Ï Using Tarasov’s recurrence

relations we reduce all diagrams to a minimal set of master -integrals

m M

J012

M

m

m

m

m

M

α

β

λ

(λ,α,β,σ)V0012

σσ

α

β

V1112

New master diagrams appearing in this two-loop calculation. Bold, thin and dashed

lines correspond to off-shell massive , on-shell massive and to massless propagator ,

respectivel y.
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Anal ytic result
Ð5Ñ  � Ñ & ÑÓÒ & Ô Õ k � ��Ö ×Ø 1 � Ñ  8 1 � Ñ & 8 1ÑÓÒ & 8 1 � p ÙB !

Ú 
�  !  
��  " �ÀÛ

�
Ü b %  8& (Ý Ý Þ � �
Ü  b %  8  (Ý Ý Þß

� p ÙB !

Ú 
�  !  
��  " �

�
Ü Ð b %'& 8& (Ý Û � �A � à XX � à 8 1ß$

%'& (Ý Þ 8 1 � b %'& 8& (Ý Þ Û � �A � à XX � à 8 1ß$
%'& (Ý 8 1 Ô #

� p ÙB !

Ú 
�  !  
��  " � Tá %  8  (Ý Ý Þ ��  � à
�  �á %  8& (Ý Ý Þ �� � à
� 

� �
= �� � � �

�
â à #T ��� â àV T � = â à �A � â à � � > Vâ à � �� â àÛ A A â à � � >
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�T ��� äå VT � � äå V FT � > � B � äå � � > ä å V� = â à ä Få æ
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äé � � � ��� * [� ê[� ë

� � ��� * [� ê[� ë
)2 � e ) b 4

In limit of zero mass gauge bosons ìT p p ÙV and ìT p V : Faisst, Kühn, Seidensticker, Veretin 03
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⑤ Numerical illustration

Electr oweak ¢ �¤£ £ ¥ � correction to § Ç Ä � Ç � � Ç � � « [left] and � Ç � § Ç � Ä § Ç � « [right], in

comparison with ¢ � £ � ¥ � and ¢ �¤£îí ¥ � QCD corrections as a function of the Higgs boson

mass § ï .
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Gaugeless limit result (FKSV03) vs. full result

MS:compare
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Electr oweak ¢ �¤£ £ ¥ � correction gaug eless vs. full correction.



F. Jegerlehner, M. Kalmykov 29

Various two-loop corrections to the relation ð ñº § � ñ Ä � � ñ � § ñ � � « as a function of

the Higgs mass § ï for intermediate Higgs masses.
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The complete one- and two-loop correction to the relation ð ñº § � ñ Ä � � ñ � § ñ � � « as

a function of the Higgs mass § ï for intermediate Higgs masses.
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Numerical comments

For the two-loop calculation we have to take into account the part proportional to ò of the one-loop propagator

type integral

ó � dô õ

C õ � � & � i HG CT�ö � õ V � �  � i HG )

where ÷ � B � A ò . Part of ó linear in ò is

ø} i ùxú ûdü ý�þ ÿ� �� ýþ � �� �
wú x û� ÿ wú x ûx� ÿ wx � � wxx� �x C wú x û� � wú x ûx G

� ��� � � ý wx �	 wxx 	 �x ��x t


� � �� �
wyx � ÿ wyxx � �x� w � wx # � þ �� �� �
� � ý wx �	 wxx 	 �x ��x # #

ÿ �� � Clx ý�� � � � Clx ý ù � � � � ÿ Clx ý��x � � Clx ý ù � �x � � v ÿ� ý� x � 	

where � ý wx �	 wxx 	 �x �} w�� � ÿ w �x ÿ �� � � wx � �x � � wxx �x � � wx � wxx and the angles� � are defined via

�� � �} �x � wx � ÿ wxx� wx � �x 	 �� �x } �x ÿ wyx � � wxx� w � � �x �
Clx ý�� � is the Clausen function Cl � ý� ��� ���  Li � !#" � $ % � Li � !#"ú � $ %& . This expansion is directly applicable in the region

where ' (*) , i.e. when +�, -/. , � 0 � (21 � ( +�, -3 , � 0 � .



F. Jegerlehner, M. Kalmykov 32

For the region ' 4) we need the proper analytic continuation.

5 � i 6 �7 8:9 +<; 3 = 0> + ; . > = 0
, 7 � 8- 3 , 7 � 8�= 3 , � -. , ��=1 � ! , 7 � 8- . , 7 � 8� %

. ?  . ' +, � - @ , �� @1 � 0& - A � 7 8

+1 � 0 -7 8 >9 � + ; . = 0=9 + ; . > = 0 + ; . B -C. B � 0

3 ; =
�

�D - B � +. E � 07 8 . +<; . B � 0 +. E � 0 8

3 > = �
�D - B � +. E � 07 8 Li � + E � 0. +<; . B � 0 +. E � 0 8 Li � + ; F E � 03 G + = 0 @

where B - and B � are some numbers, which we will define later and

E - � HJI ' +, � - @ , �� @1 � 03 , � - . , �� . 1 � K
�

L , ��1 � @

E � � HJI ' +, � - @ , �� @1 � 0. , � - 3 , �� . 1 � K
�

L , � -1 � �
Firstly, we note that the causal prescription amounts to the following rule for ' ( ' 4) )

MN +. ' +, � - @ , �� @1 � 0 0 � MN + ' +�, � - @ , �� @1 � 0 0. ? 6 @

I . ' +, � - @ , �� @1 � 0 � . ?I ' +, � - @ , �� @1 � 0 �
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The function Li � + E 0 is real for real E and O E O ( ; . For real E and O E O 4 ; we change argument E P ; F E using the relation

Li � + E 03 Li � Q ; E R � . ; > MN � +. E 0. S � @

by which an imaginary part shows up. This change of variables can be done from the very beginning by an appropriate choice

of the values of the coefficients B T :

) U E T U ; V B T � ; W MN +. E T 0� MN + E T 03 ? 6 @

E T 4 ; V B T � ) W MN +. E T 0� MN + E T 0. ? 6 �
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Assuming, - U , � in the following we have

X for1 � U +, -/. , � 0 � V E - U ; @ E � 4 ;

5 � i 6 � 7 8Y9 +<; 3 = 0> +<; . > = 0
, 7 � 8- 3 , 7 � 8�= 3 , � -. , ��=1 � ! , 7 � 8- . , 7 � 8� %

3 I ' +, � - @ , �� @1 � 01 � MN + E - E � 03 = Z > Li � Q ; E � R . > Li � + E - 0. ; > MN � E -3 ; > MN � E �

. MN + E - E � 0 MN [
' +�, � - @ , �� @1 � 01 � \ 3 G + = � 0 ]

X for1 � 4 +, -3 , � 0 � V E - U ; @ E � U ;

5 � i 6 �7 8 9 +<; 3 = 0> + ; . > = 0
, 7 � 8- 3 , 7 � 8�= 3 , � -. , ��=1 � ! , 7 � 8- . , 7 � 8� %

3 I ' +, � - @ , �� @1 � 01 � MN + E - E � 03 = Z
. ^ S � . > Li � + E - 0. > Li � + E � 0

. ; > MN � E -. ; > MN � E � . MN + E - E � 0 MN [
' +, � - @ , �� @1 � 01 � \ ]

3 i 6 Z >
. > = MN [
' +, � - @ , �� @1 � 01 � \ ] 3 G + = � 0 �
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In particular_ , the imaginary part of 5 in each order of = coincides with that obtained from the exact result

`a 5 � i 6 � !1 � . +, -3 , � 0 � % I ' +�, � - @ , �� @1 � 01 � [
' +, � - @ , �� @1 � 01 � \

7 89 +<; . = 09 + > . > = 0 �

In the limit, when one of the masses vanishes, the result is
5 O b c D d e b fg b � i 6 �7 8 , 7 � 89 + ; 3 = 0+ ; . > = 0
; =

. ; . h> h =  + ; . h 07 � 8 . ; & . + ; . h 0 -7 � 8
h = Li � + h 03 G + = � 0 @

with h � 1 � F , � .

The transition from the bare parameters to the renormalized ones requires differentiations of the one-loop propagators with

respect to all parameters, couplings, masses and external momentum. The integrals obtained thereby can be reduces again to

integrals of the original type J plus simpler bubble integrals.
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Quite universal representation follows from the one-fold integral representation: in normalization -

i i fj k l m - n 8 o

p d +, � - @ , �� Wq � 0�� ; =
-

d
r s +t � 0 8

Z ,
� - s 3 , �� + ; . s 0. q � s + ; . s 0. i) ]

8

On-shell condition isq � � u � � So that finite partv and linear in = parts L are

v d +�, � - @ , �� Wq � 0� . -
d

r s MN , � -t � s 3 , ��t � + ; . s 0. q �
t � s +<; . s 0. i)

w d +�, � - @ , �� Wq � 0� ; >
-

d
r s MN � , � -t � s 3 , ��t � + ; . s 0. q �

t � s + ; . s 0. i)

To get numerically stable results it is necessary to work on MAPLE with sufficiently high accuracy (our experience: we get an

accuracy of 40 decimals) (wenn calculating with 100 decimals). The x x i) x x causal prescription is introduced in program as small

number;) 7 y d .
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Two-loop bubble type diagram.

Another type of integral appeared in the diagrams with Higgs and top-quark is the finite part of two-loop bubble master

integrals z + E 0 with two-different non-zero mass scales. The standard representation for this integral is

z + E 0�
{||

} ||~
L I �-7 � Cl � ! > �� �� ?N � E % @ E U ;

-� Z
. L Li � ! -7 �� % 3 > MN � ! -7 �� % . MN � + L E 03 > S � ] @ E 4 ;

where

' � ; . ; E �
This representation is not stable numerically at E� ; .

The universal representation, stable for any value of E is

z + E 0� > ; . �; 3 � � Li � + � 0. Li � [
; � \� @ � � ; . I �� 7 -; 3 I �� 7 - �
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Connection with RG functions
of unbroken phase

In the SM it is interesting to compare the RG equations calculated in broken phase with the ones obtained in the

unbroken phase. Let us remind that at the tree-level the vacuum expectation value ��� is given by ��� � � f� ,

where � � and � are the parameters of the symmetric scalar potential

��� � � � ��� �� � ! ��� � %�

�� � ��� �� � � � f � � ��  

�¡ � � � f� � �� � � [¢£ ¤� ¥� � �� � ¤¦§ � ¥� � �©¨�«ª \  

where the 2-loop RG functions� �  � �¬¨  � �   � � f have been calculated in the unbroken phase D.R.T. Jones ’82

M.E. Machacek & M.T. Vaughn ’83

C. Ford, I. Jack and D.R. Jones, ’92

We have verified in the  ® scheme, that these relations are valid up to 2-loop order in the broken phase with the
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same RG functions. Thus the RG equations for the  ® masses in the broken theory can be written

� �� ¯° � ±� ²³ �� ¯° � ±� ¯° � ± � � ¯° � ±  

� �¡ ¯° � ±� ²³ �� ¯° � ±� �´ª ¯° � ±� ¯° � ± � � ¯° � ±  

� � µ ¯° � ±� � � � ¯° � ±  

� � ¶ ¯° � ±� ²�·
� ¶ ¯° � ±� ¯° � ± � � ¯° � ±¹¸
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Togetherº with

Charge renormalization:

»¼¼ � ½¿¾ ÀÁ � Â ¯ ½ Ã Ã ± À Ä� � Å�Æ� ÇÆ�
²� ½ ¡ Ã È ¸

É Only Ê Ã Ã ¯<Ë ± and Ê ¡ Ã ¯ Ë ± needed (bubble diagrams)

(Degrassi& Vicini 03)

all renormalization counterterms in physical sector available!
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⑥ First complete two–loop calculation of Ì Í Ì :

Fermi constant Î Ï in terms of Ð  ¡ and  � (low energy expansion excellent approximation):

(Awramik&Czakon 02, Onishchenko&Veretin 02)

(Awramik, Czakon, Freitas & Weiglein 03)

� µ ¯ GeV ± Ñ Ò�Ó2Ô Õ Ñ Ò Ó2Ô Ô Ö Õ Ñ Ò Ó2Ô Ô f Ö Õ Ñ Ò Ó2Ô f Õ× ØÙÚ Ñ Ò Ó2Ô f ÕÛÜÝ Ñ Ò Ó�Þ fßÔ Ö �áà â Õ Ñ Ò Ó�Þäã ß �/å â Õ

² Ë Ë � æç ¸ ³ ² çè ¸ æé ê¸ �ç � æ¸èë Ë ¸ë ³ � ²¸ � ê � Ë ¸ ²ë

� Ë Ë ç Ë ê¸ çè çè ¸ æé ê¸ �ç ç Ë ¸ Ë � Ë ¸ çè � �¸ ² ² � Ë ¸ Ë é

ç Ë Ë ç �ç ¸ � ê çè ¸ æé ê¸ �ç ç ²¸ ² Ë Ë ¸ �ç � �¸ ê ê � Ë ¸ Ë ç

ë Ë Ë çè ç ¸ Ë ² çè ¸ æé ê¸ �ç ç �¸ë æ Ë ¸ Ëè � ³¸ ² Ë � Ë ¸ Ë é

² Ë Ë Ë ç êë ¸ � ê çè ¸ æé ê¸ �ç ç �¸ çë � Ë ¸ ³ ² �è ¸ Ë ³ � ²¸ Ë ³

Table 1: The numerical values (ì ² Ëîí ) of the different contributions to Ñ Ò specified in the table are given for

different values of � µ and  � � æ Ë ¸ ³ �ë GeV (the W and Z masses have been transformed so as to correspond

to the real part of the complex pole).

The table shows that the two-loop QCD correction, Ñ Ò Ó2Ô Ô Ö Õ , and the fermionic electroweak two-loop correction,

Ñ Ò Ó2Ô f Õ× ØÙÚ are of similar size. They both amount to about 10% of the one-loop contribution, Ñ Ò Ó2Ô Õ , entering with the

same sign. The most important correction beyond these contributions is the three-loop QCD correction, Ñ Ò Ó2Ô Ô f Ö Õ ,
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which leads to a shift in  � of about � ² ² MeV. For large values of � µ also the contribution Ñ Ò Ó�Þ fßÔ Ö �áà â Õ

becomes sizable. The purely bosonic two-loop contribution, Ñ Ò¬Ó2Ô f ÕÛÜÝ , and the leading electroweak three-loop

correction, Ñ Ò Ó�Þã ß �/å â Õ , give rise to shifts in  ï which are significantly smaller than the experimental error

envisaged for a future Linear Collider, »  Øð ñòôó õ� � ê MeV.
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⑦ Conc lusion and perspectives

SM on–shell self–ener gies calculated; emphasis on analytical approach as far as

feasib le so far

ö ÷ and ø ù úüûþý ÿ :
– bosonic: two–scale integrals expansion in �� �ý � � � ��� 	 ý �
 	 ý � ,

	 ý �
 ý � ú�� � ÷ � ø ÿ , six expansion coefficient analyticall y or analytic in terms

of master –integrals, whic h for more than one scale in general are availab le as

1–dimensional integral representations onl y whic h can be calculated numericall y.

– fermionic (two–loop diagrams inc l. one fermion loop): massless fermions exact;

one heavy quark (top) expansion in �� �ý � � � ��� 	 ý �
 	 ý � , 	 ý �
 ý � and

	 ý �
 ý � ú�� � ÷ � ø ÿ . Six expansion coefficients in each expansion parameter

or in terms of master –integrals.

ö � ù úû û � ÿ :
– assuming diagonal CKM matrix, exact analytic for the heavy quark ( � ) with a

massless quark ( � ) in the doub let.

– as a bypr oduct: tree and ù úû � ÿ par tial decay width �� � ÷ (diagrams with

÷ � ��� lines)
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Next steps:

ö off–shell self–ener gies � one more scale can be expressed in terms of

master –integrals whic h may be represented as yb 1–dimensional integral

representations.

ö the same for ver tex functions

ö goal full 2–loop � � � calculation of obser vables (requires also the box diagrams )

ö e.g. for 2–loop Bhabha project Gluza, Fleisc her, Riemann, Tarasov


