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Introduction

¸Deep-inelastic electron-nucleon scattering

reveals the nucleon structure

in terms of structure functions

or parton distribution functions (PDF)

inside a nucleon

¸PDF is factorization scheme dependent

¸ -evolution is governed by DGRAP eq.

but some initial distributions are necessary

¸Rather difficult to see the features of

the factorization schemes

probe

target

DIS

large

(unpolarized)

: Bjorken-

(using some model, fitting with exp. data, é)
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DIS

large

target

probe

Introduction

¸Electron-positron collider experiment

Two-photon process

viewed as a deep-inelastic electron-photon scattering

We can study the photon structure

in terms of structure functions

or PDFinside a photon

¸For highly virtual photon target

¸They are calculable by pQCD

¸Definite predictions for PDF

a good playground to see

the scheme dependence of PDF

(e.g. ILC)

(                      ) : QCD scale
parameter

(double-tag events)

(spin-averaged)
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Plan of This Talk

GOAL :

¸Get the PDFsin the (highly) virtual photon up to the NNLO
level (     )

¸PDFsare factorization scheme dependent object, so 
analyze PDF in three different factorization (     , DIS, DIS ) 
and discuss their scheme dependence

figures, features, perturbative convergence, é

¸ Introduction
¸Quick review of the previous result :      in pQCD
¸PDFs in the virtual photon: The method and result
¸Factorization scheme dependence
¸Summary

(OPE+RG)
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in Perturbative QCD

¸For highly virtual photon target

¸based on OPE+RG, Mellin- moment sum rule

¸Kinematical target mass effect

¸Higher twist ops.

¸Hadronic piece (photon matrix element) can also

be dealt with perturbatively

¸Definite prediction for      , its shape and magunitude, is possible

(                    )

pQCDgives

(LO) (NLO) (NNLO)
LO, NLO   : [Uematsu-Walsh (ô81,ô82)]

NNLO : [Sasaki-Uematsu-Ueda; PRD75, 114009 (ô07)]

numerically Mellin inversion get   -space result

(ignorable for
pert. part non-pert. part

recently calculated 3-loop anomalous dimensions
[Vogt-Moch-Vermaseren(ô04,ô06)]

one years ago

We ignore possible power corrections (           )

Kitadono-sanôs talk

)

(also masslessquark,
fixed # flavors)
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Moment Sum Rule for    .

¸Summarized as

LO (          )

NLO ( )

NNLO (      )

for even
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Moment Sum Rule for    .

LO :

NLO :

c.f.
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Moment Sum Rule for    .

NNLO :
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Moment Sum Rule for    .

NNLO :
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Moment Sum Rule for    .

NNLO :

All of the needed parameters are 
available in the        scheme 
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Needed Parameters in    .

¸QCD    -function

¸Anomalous dimensions of the hadronic operators

¸Hadronic coefficient functions

1-loop 2-loop 3-loop

1-loop 2-loop 3-loop

1-loop 2-looptree

[Tarasov-Vladimirov-Zarkov (ô80)]

[Larin-Vermaseren(ô93)]

[Moch-Vermaseren-Vogt (ô04)]

[van Neerven-Zijlstra (ô91,ô92)]
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Needed Parameters in    .

¸Mixing anomalous dimensions

¸Photon coefficient function

¸Photon matrix element

1-loop 2-loop

1-loop 2-loop

3-loop

1-loop 2-loop

A. Vogt, S.Moch, J. A. M. Vermaseren, 
Acta Phys. Polon. B37, 683 (ô06)

changing group factor in 
gluonic coefficient function

extracted from gluonic OME calculated in

Y. Matiounine, J. Smith, W. L. van Neerven,

PRD57, 6701 (ô98)

(perturbatively calculable when             )

use parameterized exprs. in
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Typical Plot of    .

LO NLO NNLO

after numerical Mellin inversion 
we get the   -space result
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QCD-improved Parton Model Approach

¸Parton distribution functions inside a photon

¸UnpolarizedPDF

¸Flavor-singlet quark dist. fun.

¸Non-singlet quark dist. fun.

In LO in QED coupling

(massless)

never evolve, so we set

:   -th flavor quark dist. fun.

: gluon dist. fun.

: photon dist. fun.

with     helicity of the virtual 
target photon (       )



14 / 26Jan. 12, 2008 @ KEK WS ñStructure Function 2008ò        PDF of the virtual photon up to the NNLO ïTakahiro Ueda

QCD-improved Parton Model Approach

¸PDF in the virtual photon

¸Structure function      can be written as (factorization)

¸DGLAP eq.

¸ : splitting fun. of photon into quark and gluon

¸ : splitting fun. of quark and gluon

¸Translate it into   -space

(later we will invert the   -space result to get the   -space result)

3-loop for 
NNLO
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Solution to DGLAP Evolution Eq.

¸ In Mellin -space

¸ Initial condition (factorization scheme dependent)

¸We can obtain PDFin the virtual photon up to the NNLOin the        
scheme, when we use the parameters calculated in the        scheme

(LO) (NLO) (NNLO)

finite photon matrix element

perturbatively calculable for
i.e.,
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PDF in       Scheme 

¸ buté alternatively

¸Putting the followings in the      expression

(1-loop) (2-loop)(LO)

and

(NNLO)

(LO)

We also checked these substitutions 
lead the solution of DGRAP eq. 

(NNLO)

(tree) (1-loop) (2-loop)

in   -space
(i.e., sum rule)

(NLO)

(NLO)
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PDF in       Scheme 

(LO) (NLO) (NNLO)

non-singlet quark
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PDF in       Scheme 

(LO) (NLO) (NNLO)

singlet quark

mixing with gluon
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PDF in       Scheme 

(LO) (NLO) (NNLO)

gluon
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Factorization Scheme Dependence

¸Scheme-dependent PDFs

¸ = DIS scheme

¸ DIS  scheme

scheme

[Altarelli-Ellis-Martinelli (ô78)]

[Gluck-Reya-Vogt (ô92)]

is given by the naïve parton model expression to all orders

Photonic coefficient fun. in NLO become negative and divergent 
for          : It is included into quark PDF

(hadronic coefficient fun. is the same as tree level)

scheme 
independent
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PDF in DIS Scheme

¸ In DIS scheme, hadronic coefficient funs. are those

at tree level

¸

¸Putting            and the followings in the      expression
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PDF in DIS Scheme

singlet quark

(LO) (NLO) (NNLO)
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PDF in DIS  Scheme

¸ In DIS   scheme, photon coefficient fun. is absorbed into 
quark PDF, so that

¸

¸Putting                         and the followings in the      expression
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PDF in DIS  Scheme

(LO) (NLO) (NNLO)

behavior at            ?

singlet quark
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PDF in DIS  Scheme

behavior at           
can be determined by large
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Summary

¸Parton (quark and gluon) distribution functions in the virtual 
photon were investigated up to the NNLO (     ) in the 
kinematical region

¸They were studied in      , DIS and DIS  schemes

¸Scheme dependences appear at large

singlet quark

(LO) (NLO) (NNLO)

gluon

DIS

DIS
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ñStructureò of the Photon

¸Direct photon

a) bare photon as a gauge boson in QED

¸Resolved photon

¸ fluctuation into a system carrying the same quantum numbers

(e.g.,                 ) for a short period of time

¸ Interaction with another object during a fluctuation

b) quark-antiquark pair

perturbatively calculable (point-like)

c) hadronic state (e.g.,    ,    ,    -mesons)

non-perturbative contributions (hadron-like)

In QFT, no one can distinguish between intrinsic structure of the particle 
and effects by the interaction

(loop corrections)

a) b) c)

direct point-like hadron-like

Ext - 1

structureless, massless, no self-coupling
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Two-photon Process

¸Cross section

¸Leptonic part       and

¸Hadronic part

Ext - 2

=

probe

target

(QED vertex)

(structure of target photon)

DIS
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Relevant Operators

¸Relevant spin- twist-2 operators for OPE

¸Moment sum rule for           (even- )

Ext - 3

: charge matrix

:  singlet quark

:  gluon

:  non -singlet quark

:  photon

(flavor)

: # active quark flavors

(masslessquark)
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Decomposition of 1-loop Hadronic Anomalous Dims.

¸

¸

Ext - 4

: eigenvalues of 

: corresponding projection operator                ,
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Running Strong Coupling Constant

¸We use

¸ =3 =30 GeV2 =1 GeV
2

=200 MeV

=0.1696é

=0.3253é

Ext - 5



Jan. 12, 2008 @ KEK WS ñStructure Function 2008ò        PDF of the virtual photon up to the NNLO ïTakahiro Ueda

Mellin Inversion

¸ Inversion from   -space to   -space

¸As usual, for better numerical convergence,

we change the path

¸ then integrand damps as

Ext - 6

(integration over the complex - )

Ṩ ṧ
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Asymptotic Series Expansion of the Harmonic Sums

¸ Iterative use of

¸As regularization, we replace all indices 1 by 1+

¸Simple example:

Ext - 7
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Evaluation of Harmonic Sums on the Complex Plane

¸ Simple example:

¸Evaluate infinite sum

¸Semi-numerical integration

¸Asymptotic series expansion + recursion relations

(from even- )

Evaluated with some convergence 
acceleration method

[Kotikov-Velizhanin(ô05) ]

+

[Blümlein-Moch(ô05)]

Numerically parameterized as a function of 
using minmax method and then integrated

(easy to systematically implement for any harmonic sum)

(we need, at least, up to weight -5)

(fast but somewhat complicated ?)

(rather slow ?)

é

Ext - 8

(our strategy)
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Effective Structure Fun.     .

Ext - 9

[M.Acciarri et al. Phys.Lett.B483,373 (ô00)]Comparison with LEP data (L3 collaboration)

(virtual target)


