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Introduction

Deep-inelastic electron-nucleon scattering

—> reveals the nucleon structure

in terms of structure functions Fy(z, Q%) Fr(z, Q%) (unpolarized)

1 1
W,uz/(pv Q) — ew/;FL(w7 Qz) + d/u/EFZ(xv Q2>

quqy Qubv +Puqy  PupLq’
dll/ — —Yuv —

e p Guv + Do (p-q)?

or parton distribution functions (PDF)

inside a nucleon ¢s(z, Q%) qns(z, Q%) G(z,Q?) do o< L' W,

Cuv — Guv —

PDF isfactorization scheme dependent «-;* : Bjorken-s_ - )
F; = Z Cij ® q; o~ > LHY
j
Q*-evolution is governed by DGRAP eq. 'grf’e_ a0 :
but some initial distributions are necessary
(using some model , fitti|t@getwi Xxp. rWat
Rather difficult to see the features of N Poopr=m J
the factorization schemes DIS eN — eX
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Introduction

Electron-positron collider experiment
Two-photon process e™ +

viewed as a deep-inelastic electron-photon scattering
—> We can study the photon structure

in terms of structure functions Fy(z, Q% P?) F}(x,Q* P?)

1 -
Wik(p.0) = 5 X e(n (DWhpr e () (spin-averaged)
A

= F7 (2, Q% P?) + dyu F (2, Q% P)
or PDFinside a photon

(e.g. ILC)

e” — (eTe yy) mete X

p*
€N

T %

€M)
do o< pi" pf

(double-tag events)
e

TWf-y

UV pT

qg(ijszz) quS(x, QQ,PQ) GL(_:E’ Q2’1z2) /'ﬁ)be p,lw
For highly virtual photon target Y large Q% = —g2 >0 3
(A < PP < ¥ A :QCDscale
They are calculable by pQCD ~ Parameter Wi
Definite predictions for PDF }DaQrie_th oL Pt i
a good playground to see ~—e pT
—> agood playg e+/‘{|56wex }Pz

the scheme dependence of PDF
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Plan of This Talk

GOAL :

5

Get the PDFsin the (highly) virtual photon up to the NNLO
level ()  ¢l(x.Q° P?) aisl, Q% P7) G (2,Q% P?)

PDFsare factorization scheme dependent object, so
analyze PDF in three different factorization (MS, DIS, DIS,)

and discuss their scheme dependence
figures, features, perturbatve conver genc e,

Introduction

Quick review of the previous result : F)in pQCD (OPE+RG)
PDFs in the virtual photon: The method and result
Factorization scheme dependence

Summary
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F, in Perturbative QCD

For highly virtual photon target (A* < P* < ©”

pQCDgives , ; ,
2 P2\ 1 Ozs(Q ) as(Q ) 2 as(Q ) 2
F) (2, Q% P?) = a[%(Qz)A (w2585 ) + B (2. 2420 ) @0 (= 2420 + o)
(NLO) (NNLO)
, NLO : 0 8/2
NNLO 0 0| %= one years ago

\ recently calculated 3-loop anomalous dimensions

based on OPE+RG Mellin-n moment sum rule /1 dr " *F) (z, Q% P?)
We ignore possible power corrections (PQ/QZ) ° (also masslessquark,
Kinematical target mass effect <= Kitadono-s a n 6 s %edyflayors)
Higher twist ops.
numerically Mellin inversion = get x-space result

KEE

|%
Hadronic piece (photon matrix element) can also pert. part  “non-pert. part

be dealt with perturbatively (ignojr\a;ble fog)
. . . . . : P
Definite prediction for F), its shape and magunitude, is possible <
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Moment Sum Rule for F)/

Summarized as

1
/ d:c:nn_QF;(a:,QQ,P2) LO(QQ—l) for even n
0 S
a1 47 n as(Q?) di'+1
471 26, { as(Q?) ;Li [1 N (as(P2>)
n O‘S(QQ) a
fA [1 (o79)
1 (as@?))"“
as(P?)

+y Fr [1 _ (Zzggz;)dml

NNLO ¢roxy) i=+,— NS




Moment Sum Rule for F)/

1 .
o = KOPOl L P
s+ " 200
NLO "
Piam B 1 0)f1 1
Ay = Ky o5 Congn — KWRICY,
;Ay—vmﬁo oy " Bo
1 ~
+Kr(Ll)PinC§?¢)Ld_n - QﬂoAq(zl)Pincé?n

Pn’AYr(Ll)Pjn o 1

B — K ?
' n ;)\?—)\?—FZﬁO 2’”1—1—61?

1 g1 d}
K(O)pnc(l) . K(O)P-nC(O) i
e et B ek A Y R

= (e + A el

=§"®C]
i=+,—,NS

—d7

dm?

(]
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Moment Sum Rule for F)/

1 dn
pr = —KOprc (ﬁ P2 ) (1 ~ _7,)
) n ) 2,n ﬁo 50 1 — dn 9

nl 1 n
_KO)Z P WP o511
AT — AP+ 203 2”601—d"

TLA 1 n n n

v = A+ 45, 2’7150 1 —d} "
TL’\(l nA(l n
KO Z Ppat Pratl p; co_
— '+ 250)( — A 446,) "1 —d
n,?(l) )2 0 1
KO prcO K g C
noo 2" + ZA" A+ 203 2’"1—d?
. pr4d pr
2n] — dn +26A Z)\“ A" 4+ 20, 2
—QBOKS)P?C;EB&@ — 250A£L2)1Dincz?r)z

Bo
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2 (2) pn
Py P (0)

n n 2,n n
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Moment Sum Rule for F)/

Y 2y ~Y
NNLO : Fy = ® C,
440 pn
P; 1
e = —KOpro O] K<0>§ | cil)—
Z 27 By dg AT — )\”+2ﬁ 2ndp
+KO PO — + KO P v (1 - d)
) dn /80
(0) PP P Bl —dl PrUPE 0 B
~K{ 0 P c'9~1 i K Z g ' i o071
Z )\n )\n _I_ 2B 2,n BO d? + n . )\TL )\n + 2,6() 2n ,6()

(1) nA(l)
) P L L S— R
— (AP = AR +280) (A} — A} +260) “"d]

s

1 n
~KWprcl? )i + KW § | P B o L
2" By AP — /\” +2B ™dp
A (1) Pn’?(l)P' (0) (1) (0 )ﬁ (1) (1)
—2B0 AN Y L Cy) +26,AV prC n_28,AM) prC
Bo n : )\n /\n 250 n T Bo 2.n ﬁO Bo n ti ~2n
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Moment Sum Rule for F)/

Fl =¢"aC)

NNLO :
1 pB1 df
n = gOprel) — — kOprel) S
F’L n 1 2,n1 _'_ d:,,:l/ n 7 2,TL /80 1 + d;’L
ns(1) pn
ckOY DO oo ]
n ; AP — AT +203, 21+ dp
2 1 dr
K0 pnc(0) ﬁ _ @ 1
+ n 1 2,n ﬁg ﬂO 1 _'_d? 2

n"l n n
P’Yv(z)Pj (0)51 dj

_ K : F1
" ;Ag—Angwo 2 By 1+ d

ns (1) pn n n
_Kr(lo)z Pz')/n Pj 507)1@1+dl_d]
- AP = A7 +460 "B 1+dY

(2

PP By o)1

K0 ¢
T ;)\IL—)\?‘FZLﬁO 2’nl—|‘d?
1y Pran) PR (0 1

" (F = AT+ 200) (A7 — AR+ 450) 20 4 dp

All of the needed parameters are
available in the MS scheme

2 0 Tal&liro Ueda
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Needed Parameters inMS
QCD g-function

5

5 97 9
( 2)2 /81 - (167T2)3 ﬁ2 + O(g )
2-loop 3-loop

B(g) = 50 —

167r2

Anomalous dimensions of the hadronic operators

2

TR

4
Y (g) = )27(1) +(167T2) 42 L O(g®)

(16
2-loop 3-loop

Hadronic coefficient functions

2 4
n 0),n g g 2),mn

C2 (g) — Cé ) + 1671’2 2 (167T2)2C’§ ) + 0(96)
1-loop 2-loop
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Needed Parameters inMS

Mixing anomalous dimensions use parameterized exprs. in

2 4
a g
K" = —— |K©On KWn 2 K@ 6
(9,0) =~ ¢ [ T T Wen2)2 (167r2) o)

2-loop 3-loop
Photon coefficient function

n @ (1),n g° (2) changing group factor in
C? (g,a) = — |C +—=—=C;7" +0 _ . :
24(9,0) 47 [ 27 1672 (9 )] gluonic coefficient function

1-loop 2-loop

Photon matrix element (perturbatively calculable whenA? <« P?

A(g.a) = L [a0n 4 T q0n 4 ot
4 1672

1-loop  2-loop _ _
extracted from gluonic OME calculated in
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Typical Plot of F.)

after numerical Mellin inversion

we get the z-space result

F} / 3nde*)(a/m)in(Q%/P?)

n=4 Q°=100GeV? P°=3GeV® A=200MeV

0.7 |

LO
LO+NLO

0.6
0.5
0.4
0.3
0.2

0.1

LO+NLO+NNLO ——
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QCDimproved Parton Model Approach

Parton distribution functions inside a photon
2" (2, Q% P%) - i-th flavor quark dist. fun.

2 2 . ;
GL(z,Q, P%) :gluondist. fun. with + helicity of the virtual
'} (z,Q? P?) :photon dist. fun. target photon (- PY
Unpolarized PDF
: I _ i _ 1 1
Flavor-singlet quark dist. fun.  (massless >
ay=)_d" | | 2
P In LO in QED coupling a = 12
-
Non-singlet quark dist. fun. never evolve, so we set
- 1 (x,Q? P?) = §(1 —
Y = 2 iy _ = r,Q°, P) ( )
s =Yt (47 - 1)

7
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QCDimproved Parton Model Approach

PDF in the virtual photon
q"=(q",I) 9" = (45, G7,ays)
Structure function F) can be written as (factorization)
Pl =q"eCl (] =(Cy())
C; = (Cas,Cog,Cans)

. DGLAP eq. e FV(:L',QQI, P?) =§(1 —x)
dqw(x7Q27P2) _ 2 / @ v 2 2 z 2
Thor — k@@ + | Ca QP x P (40
k(zx, Q%) splitting fun. of photon into quark and gluon 3-loop for
P(z,Q°) : splitting fun. of quark and gluon NNLO

1
_ o n—1
Translate it into n-space /(n) —/0 ) i 02 P = 1
dq’)’(n’ Q27P2) 2 2 p2 2/-
dmor = R Q) +a' (v, Q% PHP(n, Q%)

(later we will invert the m-space result to get the z-space result)
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Solution to DGLAP Evolution Eq.

In Mellin n-space

q)(Q* P?) = a[ o

O‘S(QQ)

g, V) + g1 (1) + asﬁ(jﬂq 22 () + O(a )]

(NLO) (NNLO) 0. (P?)
t=—1In
R o (e@)
Initial condition (factorization scheme dependent)

a,(Q* = P*, P?) = (y(p)|On|7(p))| u2=p=

[A(l) (%) 4@ | o(a )]

47T 47

finite photon matrix element
perturbatively calculable for A* < P?

@Ot=0=0 q@Vt=0=4D  @?Dr=0)=A4a?

We can obtain PDFin the virtual photon up to the NNLOin the MS
scheme, when we use the parameters calculated in the MS scheme
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PDF in MS Scheme

but e alternatl/v’emyl

Y = Y Y :
Fy =q 7M_s Comis = =q’ vs - Conrs + Conrs q’ = ((Ig*= GW7(]7VS)

o 4 as(Q?) _
[t o g @ ] 6 (€O
Inn -space (NLO) (NNLO)
i.e. I 0 Oés(Qz) 1 2
(i.e., sum rule) v C§)+ C§ )m+ é)MS_'-
(1-loop) (2-loop)
A )Cv<1)_+,_,]
_ o) AT o e [ 1-] p Am (340248)
T | @) oon) i
+¢ Vs €+ @0 GV + Wi (o)
W\E\&\S\——-— (NNLO)
as
= [(17(2)m cl? 4+ g Wirs - C’él)M +q© . i + cy MS} 4. }
AAAAAAA = = = —

Putting the followings in the F. expression
ciV=ciP=0 V=0 =0

c” =(1,0,00) = qiuys We also checked these substitutions
and C = (0,1,0) = i lead the solution of DGRAP eq.
= (

(0)
Cs 0,0,1) — q?vsm
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PDF in MS Scheme

non-singlet quark

x qlis / 3n{eh-(e)?)(o/m)In(Q%/P?)

n=4 Q°=100GeV? P*=3GeV? A=200MeV (MS)

1.6

14

LO
LO+NLO —
LO+NLO+NNLO ———

0.6

12F

Qa ;47r

q’Y — q’Y(O) _|_ ’Y(l) +

(N LO)

(QZ);I (2)
1L 5 4. ozs(Q) _____ "47r ______ on
5 : (NNLO)

0.8 _

0.4 _ _____________________________ __________________________________ _______________________________ ___________________________
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PDF in MS Scheme

singlet quark

x q& / 3ni(e®)(ov/m)In(Q%/P?)

n=4 Q°=100GeV? P*=3GeV? A=200MeV (MS)

1.6

14

LO
LO+NLO

LO+NLO+NNLO ———

0.6

12F

qv_a :47r

0.2

q’Y(O) _|_ ’Y(l) +

(N LO)

(QZ);I (2)
1L 5 A ozs(Q) _____ "47r ______ on
5 : (NNLO)

0.8 _

0.4 ___5 _____________________________ e _______________________________ ____________________________
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PDF in MS Scheme

gluon

x qk / 3n¢e?)(a/n)In(Q%/P?)

0.5

0.4

0.3

n=4 Q°=100GeV? P*=3GeV? A=200MeV (MS)

|LO+NLO+NNLO — |

LO
LO+NLO —

as(@%) )
q,
4

Yy 2| ¥(0) | (1)
T @™ T

(NLO) (NNLO
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Factorization Scheme Dependence

Schemedependent PDFs

MS = scheme a

Y _ Y __ -1y
F) = "5 ®Cns = 7 'vsZa ® 2 Conis
1 —
scheme 77, Cla
independent

a = DIS scheme

F; IS given by the naive parton model expression to all orders
(hadronic coefficient fun. is the same as tree level)

DISy scheme

Photonic coefficient fun. in NLO become negative and divergent
for £ — 1 Itis included into quark PDF
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PDF in DIS Scheme

In DIS scheme, hadronic coefficient funs. are those

at tree level
Capis = CV = ((€2),0,1)

F) =q"55 Coyis + Conis
— q"pris - C + CYyis

= ¢pis(e’) + qlgpis + Co s

Putting CJ = Gand the followings in the F§xpression

0 1 1

G = (1,0.0) G = (O Cioms 0 CfF = 1 (s, Cids: )
— quIS

(0) _ 1 1

cy” =(0,0,1) ¢! — (0,0,CN exr) c? - (0,0,C%%) ¢xrs)
— Q7\75DIS
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PDF in DIS Scheme

n=4 Q°=100GeV* P°=3GeV* A=200MeV (DIS)

16 I | I I
- |LO

1.4 + |LO+NLO —_— .
R | LO+NLO+NNLO ———
NQ: 12+ .
o~ :
<)
< 1r i
e |
?f; 08 .
(aY]
3 :
c‘,Z;_ 0.6 -: .
T 04| |
> : n=4 Q°=100GeV? P?=3GeV? A=200MeV (MS)

o2 o T ' ‘ |

0 V | | | LOINLOSNNLO ——
0 0.2 0.4 1
singlet quark
o 4
T @™t |
(NLO) (NNLO) 0 0.2 0.4 0.6 0.8 1
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PDF in DIS Scheme

5

In DIS~+ scheme, photon coefficient fun. is absorbed into
quark PDF, so that Cjpis, =0

F) =q"y5 - Cops + Cons

— q7D187 ' C2m

Putting C{" = C{? = and the followings in the  Je¥pression

2
c® = (1,000 ¥ <e—4§c;‘”m
(&
3
dsDIS
o ) (oL ) = 45DIS,
2 64> 2 MS <62> 28 MS“~2 MS

y
= (qnsDIS,

1 1 1
(€35 — CiRswsC3 Vs
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PDF in DIS Scheme

I

behaviorat x — 1?

n=4 Q°=100GeV? P?=3GeV? A=200MeV (MS)

Lo

LO+NLO —
LO+NLO+NNLO ——

0.6

04

0.2

e
o
~
o
S
£
g
= 081}
o
()
~
C
@
-~
=
o
b3

n=4 Q°=100GeV? P?=3GeV? A=200MeV (DIS.)
1 I ' ! | T
Lo
0.8  |LO+NLO —
_ | LO+NLO+NNLO ——
NQ: o6t
N : 5
g |
£ 04r¢ 5
S | |
E: 02+ |
N .
2 |
c‘,:;_ 0r
T 02}
= |
0.4 |
'06 L ' | | i
0 0.2 0.4 0.6 0.8
X
singlet quark
a | _dm as(Q%)
T = — 7(0) 4 gL 4 8 (2)
! 4m O‘S(Q2)qn n 47 In
(NLO) (NNLO)

2008
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PDF in DIS Scheme

1.5 LO
NLO
NNLO  —memm
- |LO+NLO S
1 - |LO+NLO+NNLO ——

x q% / 3n«e?)(a/m)In(Q%/P?)
o
o

n=4 Q°=100GeV® P?=3GeV® A=200MeV (DIS)

g1 sg o 2[— In(1 — z))]

8
03”5 o< 5[~ In*(1 )]

n=4 Q°=100GeV? P?=3GeV? A=200MeV (MS)

LO
NLO
NNLO
LO+NLO

0 0.2 0.4

behaviorat x — 1

can be determined by large n g1 5 1

qg(l)msw x —2[—In(1 — z)]

8
Qg@)DISW X g[— 1n3(1 —x)]

LO+NLO+NNLO ——

> 05
=
[ap]
0
SN
0 0.2 0.4 0.6 0.8 1
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x % / 3nde?)(em)In(Q7/P?)

2)(a/n)In(Q%/P?)

x gl / 3nge

Parton (quark and gluon) distribution functions in the virtual
photon were investigated up to the NNLO (aay) in the
kinematical region A? < P? < Q?

They were studied in MS, DIS and DIS, schemes
Scheme dependences appear atlarge «

16

4 LO+NLO

LO:NLO+NNLO — MS

12+

08

06

04

02+

0

1

0.8

06 |

04

0.2

0

-0.2

-0.4

-0.6

n=4 Q°=100GeV? P?=3GeV? A=200MeV (MS)

LO

0

02 0.4 06 0.8 1
n=4 Q°=100GeV? P?-3GeV* A=200MeV (DIS)

LO
LO+NLO

LO:NLO+NNLO — D I Sy

0

- n=4 Q°=100GeV? P?=3GeV? A=200MeV (DIS) 0.5
Lo
4 t8*ﬁt8 NNLO DlS -
-+ + e o
— o
@ 12} 5
<] =
= ®
3 gl =
NA . Nq)
2 = 02
& 06f &
F 04 &
* 01
02t

0

02 0.4 0.6 0.8

singlet quark

q”a

2008 @ KEK WS
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4

(NLO)

NStructur e

g + g + =2

1

ﬂqv@)]

4r "
(NNLO)
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n=4 Q?=100GeV? P?=3GeV? A=200MeV (MS)

0.4 |

03 f

.

LO

LOINLOwNNLO —— MS

0

0.2 0.4 0.6

gluon
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Extra Slides




NStructureo of

Direct photon
a) bare photon as a gauge boson in QED structureless, massless no self-coupling

Resolved photon
In QFT, no one can distinguish between intrinsic structure of the particle
and effects by the interaction

fluctuation into a system carrying the same quantum numbers
(e.g., ¥ — qq — )for a short period of time At

Interaction with another object during a fluctuation O q
b) quark-antiquark pair \{A E
perturbatively calculable (point-like)
c) hadronic state (e.g., £, W ¢ -mesons) §
non-perturbative contributions (hadron-like)
direct point-like hadron-like
VAV ’\/\O\/\ ~ ( E )V e
a) 7 b) v — qq c)y — V(I =177)
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Two-photon Process

Cross section

d31yd>1 (47Ta)3 1 ~
do = 1o Pg W
2E 2F (2’7‘(’ p q 4\/ g UV pT
Leptonic part and b’
e — e+ 7y
Hadronic part W

UvpT
vy — X (structure of target photon)
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Relevant Operators

Relevant spin-n twist-2 operators for OPE

_ (flavor)
Otvtn — qn=lyadmi phz ... DHn} 14) . singlet quark
Og " = % "T2G D2 L Do GOk . gluon
Okt = Lyl prz ... DEnd(Q%, — (e2)1)% : non-singlet quark
Ot = %in—2Fa{u13u2,.,3un_1paun} . photon
Qcn :charge matrix — (e*) = % i<€§> Tr(Q2, — (ef)1) = 0
1=1

ny . # active quark flavors

(masslessquark)
Moment sum rule for F) (even-n)

1 Q2 _ P2
[ e - X (Gaaea) 4 (ak).a)
0

i=,G,NS,y
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Decomposition of 1-loop Hadronic Anomalous Dims.

S = wm \?

ar =
i=+,—,NS 1 2/60

(0)

A eigenvalues of 7,

P :corresponding projection operator ZP@- =1 PP =6;P

1

n 1 0),n 0),n 0),n 0)n 0),n_ (0),n 1/2
Xp = S{A0m a8 [ = A+ S|

2
ANs = 71(\??9’”
(0)’n n (0)’n
] Yoy )‘; TG 0 000
0 0 0 001

2
. exp (’AY(O)> = exp (Z >\ipi> =1+ Z i P + % (Z )\z'Pi) 4o

1
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Running Strong Coupling Constant

nf=3 Q%230 Gev?2 P2=1GeV?> A=200MeV

— O‘S(Q2)
as(P?)

1696 ¢

0.
0. 3253¢
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Mellin Inversion

Inversion from 7-spaceto z-space (integration over the complex-n)

1 c+100
F)(z,Q? P?) = 2_7”/ dnz'~"M] (n,Q?* P?) 0<z<1

—1700

As usual, for better numerical convergence,
we change the path

1 c c—}—oo><e+i‘¢> ]
F)(z,Q% P?) = — [/ —|—/ dnz'~"MJ (n,Q?, P?) n=c+ ze®
2mi ctooxe i c

1 [°° ; o Im(n)

= ;/0 dz Im [e St M) (n, Q*, P?)] |

|

then integrand damps as z — oc A

|

i

S S |
¢

)

x " ~exp [z cos ¢ In (—
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Asymptotic Series Expansion of the Harmonic Sums

Ilterative use of

- . > > > 1 > Br (k)r—l k 1
Zaj—zaj_zawrj Z(n+j)k ~D o pktr—1 -
— ()¢ By (k)r_1
~ 2" —1)— k>1

As regularization, we replace all indices 1 by 1+¢

Simple example:

(ee) oo

: 1 1
Si(n) = 21—{% ; jlte N ; (n+ j)i+e
1+ =-+7p+0() (1+61= F(l(i)ﬁ) -1
O Br
—> Si(n) ~In(n)+vg — Z —
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Evaluation of Harmonic Sums on the Complex Plane

Simple example: (we need, at least, up to weight-5)

5

5

5

S a1(n) =) (_.i)j S1(5)  (from even-n)

=1 7

Evaluate infinite sum
ST T (rather slow ?)

—1)7 !
St (n) = —gg(B) - Z ( ). Si(n +j):/\‘ Evaluated with some convergence
’ 8 (n+7)? .
=1 ) acceleration method

Semrnumerical integration
5 1
SO (n) = —2C(3) + C(2) [S77" (n) + In(2)] - /O dz "

Numerically parameterized as a function of
using minmax method and then integrated
(fast but somewhat complicated ?)
Asymptotic series expansion + recursion relations

S5 ) = —o¢(@) + o)y e ) (1 - lE) 15 e

_____

2n2 2n2 2n3 2 2
1 1
CEPERNCESVE

S%1(n) =851 (n+2) - ] Si(n+2)—

(n+ 12(n+2)

(easy to systematically implement for any harmonic sum)
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Effective Structure Fun. F'.

Comparison with LEP data (L3 collaboration)
(virtual target)

Fog~F +SF]
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