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Why Bhabha Scattering?

� Bhabha Scattering is a fundamental processfor e+ e� collider physics becauseit is chosen for
the precise evaluation of the Luminosit y:

L =
N
� th

where N is the measurednumber of events and � th is the theoretical cross section.
L enters as a normalization factor in the crosssection measurements ) a processin which � L
is as small as possible is required.

� It is a processwith a large crosssection and it is QED-dominated ) precise experimental
measurements and precise theoretical calculation of the crosssection.

MOREOVER:

� Precision required by experiments (Da�ne, PEP-I I, KEKB, BEPC, VEPP-2M and also ILC)
10� 3 � 10� 4 ) evaluation of the NNLO corrections as one of the ingredients to match the
precision with a Monte Carlo event generator
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Bhabha Scattering CrossSectionin the Literature

� One-loop corrections:

{ QED and EW corrections (Consoli '79, B•ohm-Denner-Hollik '88, Greco '88)

� Two-loop QED corrections:

{ Log-enhancedcorrections (virtual and real) for the small- and large-angle Bhabha
scattering (Faldt-Osland '94, Arbuzov-Fadin-Kuraev-Lipato v-Merenkov-Trentadue '95-'97)

{ Virtual corrections to the crosssection with m = 0 (Bern-Dixon-Ghinkulo v '00)

{ Log-enhancedphotonic contributions (Glover-Tausk-van der Bij '01)

{ NF = 1 set of corrections (virtual + soft-photon) with m 6=0
(B.-Ferroglia-Mastrolia-Remiddi-v an der Bij '04-'05)

{ Reduction to the master integrals for the massive QED (Czakon-Gluza-Riemann '04)

{ Constant term of photonic corrections to large-angle Bhabha scattering not suppressedby
the ratio m2=s (Penin '05)

{ Photonic vertex corrections with m 6= 0 (B.-Ferroglia '05)

� Two-loop EW corrections:

{ Log-enhancedcorrections in the annihilation channel (Fadin-Lipato v-Martin-Melles '00,
Jantzen-K •uhn-Mo ch-Penin-Smirnov '01-'05)
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Missing parts

� Approximated (m2=s ! 0) results:

{ KNOWN: Full QED photonic corrections (F aldt-Osland, Arbuzo v-F adin-Kuraev-Lipato v-Merenk ov-

T ren tadue, Glo v er-T ausk-v an der Bij, P enin ), the full NF = 1 virtual and soft-photon corrections
and the log terms of the soft-pair production (Arbuzo v-F adin-Kuraev-Lipato v-Merenk ov-T re n ta due,

B.-F erroglia-Mastrolia-Remiddi-v an der Bij )

{ ... but is still missing the constant term (i.e. not suppressedby the ratio m2=s) of
the soft-pair production and a complete evaluation of the EW sector

� Exact (m2 = 0 and m2 6= 0) results:

{ KNOWN: Reduction to the MIs and MIs for the masslesscase(Smirno v , T ausk ,

Anastasiou-Glo v er-Oleari, Gehrmann-Remiddi, Bern-Dixon-Ghinkulo v ), reduction to the MIs, MIs for the
Vertex corrections, someMIs for the box corrections (B.-F erroglia-Mastrolia-Remiddi-v an der

Bij, Czak on-Gluza-Riemann, Smirno v-Heinric h ), for the massive case,

{ ... but still missing the full set of MIs for the two-loop massive photonic boxes:

� ! seeRiemann's talk
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Di�eren tial CrossSection

We calculate the di�eren tial CrossSection:

d�
d


� kMk 2

where:

M = � + 1-Loop + 2-Loop + � � �

� We evaluate directly the squaredmatrix element. It appearsas a combination of a
huge number of scalar integrals, regularized in Dimensional Regularization (the Dirac
algebra in performed in D dimensionsas well)

� The scalar integrals are evaluated with the Laporta algorithm for their reduction to
the MIs and the Di�eren tial Equations method for the computation of the MIs
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Laporta Algorithm and Di�eren tial Equations

Decomposition of the Amplitude
in terms of Scalar Integrals

(DIM. REGULARIZATION)

Identity relations among Scalar Integrals:
Generation of IBPs, LI and symmetry relations
(codes written in FORM)

Output: Algebraic Linear System of equations
on the unknown integrals

Solution of the algebraic system with a C program
Output: Relations that link Scalar Integrals to the MIs

Generation (in FORM) of the
System of DIFF. EQs. on the ext. kin.

invariants (calculation of the MIs)
IBPs, LI, Symm. rel.

System of 1st-order linear DIFF. EQs.
Solution in Laurent series of (D-4). Coeff expressed
in terms of HPLs
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Two-Loop Master Integrals

(p3 � k2)

(k1 � k2)

(p2 � k1)

(k1 � k2)

R. B., P . Mastrolia and E. Remiddi, Nucl. Phys. B661 (2003) 289.
R. B., A. F erroglia, P . Mastrolia, E. Remiddi, and J. v an der Bij, Nucl. Phys. B681 (2004) 261.
M. Czak on, J. Gluza and T. Riemann, Nucl. Phys. Pr oc. Suppl. 135 (2004) 83.
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Di�eren tial Cross-Section:

Virtual Con tribution
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The Di�eren tial Cross-Sectioncan be expandedin seriesof � =� as follows:

d� (s; t; m2)
d


=
d� 0(s; t; m2)

d

+

� �
�

� d� 1(s; t; m2)
d


+
� �

�

� 2 d� 2(s; t; m2)
d


+ O

0

@

 
�
�

! 3
1

A

The Tree-Level: M 0 = �

Performing the traces over the Dirac indices of kM 0k2 in D dimensionswe have

d� 0(s; t; m2)
d


=
� 2

s

(
1
s2

�
st +

s2

2
+ (t � 2m2)2

�
+

1
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d� (s; t; m2)
d


=
d� 0(s; t; m2)
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� �
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d
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At one loop the following virtual diagrams contribute:

� �
�

� d� V
1 (s; t; m2)

d

=

s
16

X

spin

( 

�

! �

� + c.c.+ � � �

)
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The O(� 4) contributions that we considercomefrom the following Two-Loop diagrams:

NF = 1

Vertices

as well as from the product of one-loop diagrams.
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where
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� 2 d� V
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Di�eren tial Cross-Section:

Real Soft-Photon Emission

Rob erto Bonciani RADCOR05, Octob er 3, 2005



One-Loop

As an exampleconsider

� �
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In order to get a �nite di�eren tial cross-sectionwe have to add the real soft-photon
emission,which cancelsthe IR polescoming from the virtual cross-section.

At O(� 3) the diagrams contributing are the following

Rob erto Bonciani RADCOR05, Octob er 3, 2005



Due to the iconalization of the vertex, the real emissioncontribution at O(� 3) is given by

� �
�

� d� S
1 (s; t; m2)

d

=

� �
�

� d� D
0 (s; t; m2)

d


4X

i;j =1

Jij

with Jij = � i � j (pi � pj ) I ij ,

� i = +1 for i = 1; 4 and � i = � 1 for i = 2; 3
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1

�
�
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2

�
� (D � 4)=2

mD � 4

4� 2

Z ! dD k
k0

1
(pi � k)(pj � k)

� ! is the cut-o� on the unobserved photon energy

� becauseJij = Jj i we have in fact:
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�

� d� S
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d
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� �
�

� d� D
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d

4

4X
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where d� D
0 (s; t; m2)=d
 is the Born cross-sectionexact in D .
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Finally , the contribution UV-renormalized and IR �nite at O(� 3) is given by

� �
�

� d� 1(s; t; m2)
d


=
� �
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� �
d� V

1 (s; t; m2)
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+
d� S

1 (s; t; m2)
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�

�
0

@d� V
1 (s; t; m2)

d

+

d� D
0 (s; t; m2)

d

4

4X

j =1

J1j

1

A

In particular, for our examplewe �nd

� + 4J12 � = IR �n.

� + 2J12 � = IR �n.

Note the fact that we need the O(D � 4) of the Born cross-section in order to get its correct �nite part!
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� + 2(J11 + J13 ) � = IR �n.

� + (J11 + J13 ) � = IR �n.

� + (J11 + J12 ) � = IR �n.

� + 2(J11 + J12 ) � = IR �n.

Rob erto Bonciani RADCOR05, Octob er 3, 2005



� + 4J14 � = IR �n.

� + 2J14 � = IR �n.

� + 2J13 � = IR �n.

� + 4J13 � = IR �n.

� + 2J14 � = IR �n.

� + 4J14 � = IR �n.
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Real photon emissionfor the O(� 4NF = 1)

� �
�

� 2 d� S
2 (s; t; m2)

d


�
�
�
�
N F =1

=
� �

�

� 2 d� D
1 (s; t; m2)

d


�
�
�
�
N F =1

4
4X

j =1

J1j

� d� D
1 (s; t; m2)=d
 jN F =1 is the one-loop NF = 1 cross-sectionas a seriesin (D � 4).

� Note the fact that we needthe O(D � 4) of the NF = 1 cross-sectionin order to get
the correct �nite part of the real emission,but again we DO NOT needthe O(D � 4)
of the integrals J1j , becaused� D

1 (s; t; m2)=d
 jN F =1 is �nite!
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Finally , the contribution UV-renormalized and IR �nite at O(� 4NF = 1) is given by

� �
�

� d� 2(s; t; m2)
d


�
�
�
�
N F =1

=
� �

�

�
 

d� V
2 (s; t; m2)

d


�
�
�
�
N F =1

+
d� S

1 (s; t; m2)
d


�
�
�
�
N F =1

!

=
� �

�

�
0

@d� V
2 (s; t; m2)

d


�
�
�
�
N F =1

+
d� D

1 (s; t; m2)
d


�
�
�
�
N F =1

4
4X

j =1

J1j

1

A

In particular, for a two-loop box we �nd

� + J12 � = IR �n.

� + J12 � = IR �n.
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� + J14 � = IR �n.

� + J14 � = IR �n.

� + J13 � = IR �n.

� + J13 � = IR �n.

� + J14 � = IR �n.

� + J14 � = IR �n.

Rob erto Bonciani RADCOR05, Octob er 3, 2005



ReducibleDiagramsO(� 4NF = 1)

� + 2 (J13 + J11 ) � = IR �n.

� + (J13 + J11 ) � = IR �n.

� + (J12 + J11 ) � = IR pole / � (2)

� + 2 (J12 + J11 ) � = IR pole / � (2)
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One-Loop Verticestimes One-Loop O(� 4NF = 1)

� + (J13 + J11 ) � = IR �n.

� + (J13 + J11 ) � = IR �n.

� + (J12 + J11 ) � = IR �n.

� + (J12 + J11 ) � = IR pole / � (2)
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One-Loop boxestimes One-loop O(� 4NF = 1)

� + 2J12 � = IR �n.

� + 2J12 � = IR Pole / � (2)

� + 2J14 � = IR �n.

� + 2J14 � = IR �n.
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� + 2J13 � = IR �n.

� + 2J13 � = IR �n.

� + 2J14 � = IR �n.

� + 2J14 � = IR �n.
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SingleIR Polesproportional to � (2)

� + (J12 + J11 ) � = IR pole / � (2)

� + 2 (J12 + J11 ) � = IR pole / � (2)

� + (J12 + J11 ) � = IR pole / � (2)

� + 2J12 � = IR Pole / � (2)

Thesepolescancel in the �nal sum!
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Real photon emissionat O(� 4)

The inclusion of the two-loop vertex corrections requires the following real soft-emission
diagrams

Tree-Level with the emissionof two photons

One-Loop diagrams with the emissionof one photon

:::::::
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Sincethe soft-photon corrections in QED exponentiate, the contribution due to the
emissionof two photons from the tree-level and the one due to the emissionof one photon
from the one-loop amplitude are given respectively by:

� �
�

� 2 d� S;2� ph
2 (s; t; m2)

d

=

1
2

� �
�

� 2 d� D
0 (s; t; m2)

d
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J1j )2

� �
�

� 2 d� S;1� ph
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d

=

� �
�

� 2 d� (V;D )
1 (s; t; m2)

d

4

4X

j =1

J1j

Note that:

� the term (4
P 4

j =1 J1j )2 in the �rst equation has a double IR pole: therefore also the
O(D � 4)2 of d� D

0 =d
 is required;

� becaused� (V;D )
1 =d
 is IR-div ergent, in principle we needalso the O(D � 4) of the

integrals J1j , BUT it is possibleto prove that actually we DO NOT needit.
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Cancellation of O(D � 4) of J1j

To prove the fact that we do not needto know the O(D � 4) of the integrals J1j , consider
that

� d� (V;D )
1 =d
 includes the contribution of the vertices and the boxes
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�
�
�
�
(1 l ;V )

+
d� (V;D )

1 (s; t; m2)
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�
�
�
�
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� Thesetwo contributions are IR divergent :
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�
�
�
�
�
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=
1
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�
�
�
�
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+
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�
�
�
�
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� If we write 4
P 4

j =1 J1j = SIR , we also have:

SIR =
S(� 1)

IR

(D � 4)
+ S(0)

IR + (D � 4)S(1)
IR + O

�
(D � 4)2�
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� The cancellation of the IR divergencesin the O(� 3) cross-sectionguaranteesthat

d� (V;� 1)
1 (s; t; m2)

d


�
�
�
�
�
(1 l ;B )

+
d� (V;� 1)

1 (s; t; m2)
d


�
�
�
�
�
(1 l ;V )

+
d� 0(s; t; m2)

d

S(� 1)

IR = 0

� From the double emissioncross-sectionwe �nd that the term proportional to S(1)
IR is

d� (S;double )
2 (s; t; m2)

d

!

d� 0(s; t; m2)
d


S(� 1)
IR S(1)

IR

� The term proportional to S(1)
IR appearing in the single photon emissioncross-sectionsis

d� (S;single )
2 (s; t; m2)

d

!

2

4 d� (V;� 1)
1 (s; t; m2)

d


�
�
�
�
�
(1 l ;B )

+
d� (V;� 1)

1 (s; t; m2)
d


�
�
�
�
�
(1 l ;V )

3

5 S(1)
IR

We concludethat the terms proportional to S(1)
IR cancelout in the total real-emission

cross-sectionat order O(� 4)!
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Diagrammatic IR subtraction

As for the previous contributions, we have particular combinations of diagrams that are IR
�nite:

� +
1
16

(J11 + J13)2 �

+
1
4

(J11 + J13) � = IR �nite
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We have also residual IR polesproportional to � (2):

� + (J11 + J12)2 �

+ (J11 + J12) � = double IR pole / � (2)

Thesepolesneed, in order to be canceled,the contributions due to the photonic box
diagrams
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What we have with m2 6=0

Basically we have everything except the contribution of the photonic double boxes.

� Two-loop NF = 1 contribution. It is UV and IR �nite

� Two-loop photonic vertex and One-loop times One-loop contributions. They are UV
�nite but they still contain IR polesthat have to cancelwith the onescoming from the
photonic double boxes
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The m2=s ! 0 Approximation

In order to do checks against know results in the literature and to provide some
phenomenologicalconsiderationswe expandedour exact results retaining terms that do
not vanish in the limit m2=s ! 0.

� We write the small electron massapproximation of the crosssection as

d� 2

d� 0
= � (2)

2 (� ) ln2
�

s
m2

e

�
+ � (1)

2 (� ) ln
�

s
m2

e

�
+ � (0)

2 (� ) + O
�

m2

s

�

where

� =
1 � cos�

2

� This approximation is not valid in the almost-forward (jt j < m2) and in the
almost-backward (juj < m2) directions, where terms of order m2=t and m2=u become
important

� The functions � ( i )
2 (� ) are known for the photonic corrections

� ! seePenin's talk
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Two-Loop NF = 1: m2=s ! 0 Approximation
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Two-Loop Soft-Pair: m2=s ! 0 Approximation
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Numerical Evaluation

� We have an almost-completeresult for the QED corrections at O(� 4) of the Bhabha
scattering di�eren tial crosssection: we have to estimate the phenomenologicalimpact
of retaining the massof the electron in the calculations (at least for the piecesthat are
known also exactly):

{ We have two codes(in Mathematica and in Fortran, using the routines for the
HPLs, Gehrmann-Remiddi '01) in order also to cross-check the results

{ What we �nd is that, for the NF = 1 and known photonic corrections, the relative
sizeof the O(m2=s) terms with respect to the one-loop exact crosssection is
� 10� 6 already at E � 100 MeV
) we concludethat the m2=s ! 0 limit is enoughfor phenomenology
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Photonic Corrections: m2 6= 0 vs. m2=s ! 0
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Small-Angle limit

The Vertex corrections agreewith the small-angle limit of the photonic corrections
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Two-loop Logarithmic corrections

The full corrections in the limit m2=s ! 0, for
p

s = 1 GeV:
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Two-loop Logarithmic corrections

The full corrections in the limit m2=s ! 0, for
p

s = 500 GeV:
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Checks

� One loop. Analytical checks with van Nieuwenhuizen (electron-muon scattering).
Numerical checks with Consoli and B•ohm-Denner-Hollik

� Two-loop NF = 1. Analytical check of the MIs with Czakon-Gluza-Riemann. Indirect
checks on the full result: cancellation of divergencesin the �nal result; cancellation of
the ln3 (s=m2) against the soft-pair emissioncontribution

� Two-loop photonic contributions. Numerical checks of the vertex diagrams with S.
Uccirati & TOPSIDE collaboration. Analytical check of the MIs with
Czakon-Gluza-Riemann. Checks of the polesof the form factors with
Barbieri-Mignaco-Remiddi (ln (�=m ) = � 1=(D � 4)) and limits (g � 2 of the electron).
Direct check of the gaugeindependenceof the photonic vertex corrections in the class
of the covariant linear gauges.Checks of the small-angleregion with Arbuzov et al.
Check with A. Penin of the m2=s ! 0 limit of vertices and one-loop times one-loop
diagrams
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Summary

� The calculation of the Two-Loop NF = 1 and Two-Loop Vertex QED corrections to
the Bhabha scattering di�eren tial cross-sectionwas carried out keepingthe electron
massdi�eren t from zero, by meansof the Laporta algorithm and the Di�eren tial
Equations Method

� As a remark, we �nd that, from a phenomenologicalpoint of view, there is no
di�erence betweenthe exact calculation and the LL approximation (both for the
NF = 1 set and for the vertices)

� The numerical evaluation of the analytic expressionspresented in the talk is
implemented in two computer programs, written in Fortran and Mathematica. In the
m2=s ! 0 approximation , the full set of Two-Loop QED contributions are known and
included in the program (NF = 1 as well as Penin's formulas). The exact results,
instead, include everything except the Two-Loop photonic-box corrections

� The Two-Loop photonic-box corrections are still missing (!?)
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