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Why Bhabha Scattering?

Bhabha Scattering is a fundamental processfor e* e collider physics becauseit is chosenfor
the precise evaluation of the Luminosity:

where N is the measurednumber of events and 1, is the theoretical crosssection.
L enters as a normalization factor in the crosssection measuremens ) a processin which L
is as small as possibleis required.

It is a processwith a large crosssection and it is QED-dominated ) precise experimental
measuremerts and precise theoretical calculation of the crosssection.

MOREOVER:

10 * 10 *)
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Bhabha Scattering CrossSectionin the Literature

One-loop corrections:

{

QED and EW corrections (Consoli '79, Bohm-Denner-Hollik ‘88, Greco '88)

Two-loop QED corrections:

{

{

Log-enhanced corrections (virtual and real) for the small- and large-angle Bhabha
scattering (Faldt-Osland '94, Arbuzov-Fadin-Kuraev-Lipato v-Merenkov-Trentadue '95-'97)

Virtual corrections to the crosssection with m = 0 (Bern-Dixon-Ghinkulo v '00)
Log-enhanced photonic contributions (Glover-Tausk-van der Bij '01)

Ne = 1 set of corrections (virtual + soft-photon) with m 60
(B.-Ferroglia-Mastrolia-Remiddi-v an der Bij '04-'05)

Reduction to the master integrals for the massive QED (Czakon-Gluza-Riemann '04)

Constant term of photonic corrections to large-angle Bhabha scattering not suppressedby

the ratio m?=s (Penin '05)

Photonic vertex corrections with m 6 0 (B.-Ferroglia '05)

Two-loop EW corrections:

{ Log-enhancedcorrections in the annihilation channel (Fadin-Lipato v-Martin-Melles '00,

Jantzen-K ehn-Mo ch-Penin-Smirnov '01-'05)

~
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Missing parts

Approximated (m?=s! 0) results:

{ . (Faldt—OsIand, Arbuzo v-F adin-Kuraev-Lipato v-Merenk  ov-
Tren tadue, Glo verT auskv an der Bi, Penin ), the
and the (Arbuzo v-F adin-Kuraev-Lipato v-Merenk  ov-T renta due,
B.-F erroglia-Mastrolia-Remiddi-v an der Bij )

{ ... but is still missingthe constart term (i.e. not suppressedby the ratio m?=s) of
the soft-pair production and a complete evaluation of the EW sector

Exact (m? = 0 and m? §0) results:

{ . (Smirno v , Tausk
Anastasiou-Glo ver-Oleari, Gehrmann-Remiddi, Bern-Dixon-Ghinkulo v) ’
(B.-F erroglia-Mastrolia-Remiddi-v an der

Bij, Czak on-Gluza-Riemann, Smirno  v-Heinric h),

{ ... but still missingthe full setof Mls for the two-loop massive photonic boxes:

T IX IT L PT
\ ! SeeRlemannstaIk/

Rob erto Bonciani RADCORO05, Octob er 3, 2005




4 )

Di erential CrossSection

We calculate the di erential Cross Section:

d 2
G KMk

where:

M = % >ww»< + 1-Loop + 2-Loop +

We evaluate directly the squaredmatrix elemer. It appearsasa combination of a
huge number of scalarintegrals, regularized in Dimensional Regularization (the Dirac
algebrain performedin D dimensionsas well)
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Laporta Algorithm and Di erential Equations

Solution of the algebraic system with a C program
Output: Relations that link Scalar Integrals to the Mls

IBPs, LI, Symm. rel.
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R. B., P. Mastrolia
R. B., A. Ferroglia,

Two-Loop Master Integrals

0 o
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and E. Remiddi, Nucl. Phys. B661 (2003) 289.
P. Mastrolia, E. Remiddi, and J. van der Bij, Nucl. Phys. B681 (2004) 261.

\M. Czak on, J. Gluza and T. Riemann, Nucl. Phys. Proc. Suppl. 135 (2004) 83.

/

Rob erto Bonciani

RADCOROS,

Octob er 3, 2005



DI eren tial

Virtual

Cross-Section:

Contribution
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KI'he Di eren tial Cross-Sectioncan be expandedin seriesof = asfollows:

0

1

~

d (s;t;m?) _ d o(s;t; m?) .\

~da(s m?) .\

d

The Tree-Lewl:

d d

M():

2do(sitm?) L @ A

d

Performing the traces over the Dirac indices of kM gk? in D dimensionswe have

'3

(
= — — st+ — + (t 2m + — st+ —+ (s 2m
d S s2 2 ( ) t2 2 ( )
+ = (s+t)? 4m*
( 1 2 1 t2 1 1 )
S
+D 4) - — + - — 4+ = Z(s+1)> st mi(s+t
( ) 2 4 12 4 t 2( ) 2 (s+1)
( . t ) )
S
+(D 4)7? — =
\ ( ) st 4 /
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d (s;t;m?) _ d o(s;t; m?) 4
d - d d

At oneloop the following virtual diagrams contribute:

Qoo DX
%
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KI'he O( “4) cortributions that we considercomefrom the following Two-Loop diagrams: \

/

N|: =1
o TS Y EL K :
Vertices
\aswell as from the product of one-loop diagrams.
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d (sittm?) _ d o(sit;m?) |

d

where

d

2d Y(s;t;m?)

d
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0 ! 31
. $- 2 2 .} 2
dl(s,t,m)+ B dz(s,t,m)+o@_ A
d
X ( > > >
+ C.C.
spin NS I
§ >©N< | | ) C-C.+
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Di eren tial Cross-Section:

Real Soft-Photon Emission
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One-Loop
As an example consider
Vv 2 X ( I ] " " )
d {(s;t; m9) S
— = — + C.C.
d 16 .
spin - - -
3 2 2
m 11 m 1l
= — —ReBg )(s;t)+ —ReBg )(s;t)
4 s s t
where
A ety — ;1) ,.. (1150) /.
Bi (s;t) = —Bi (s;t) + Bi (s;t)+ O (D 4)
(D 4)
and the IR poleis
@r 1 s o 8 X 8 . 32 32 16 2x wx . 8x 2
! R s 48 x2@1  y)2 x2@ y) x@ y)2  x@ ) X a y)2 a vy o @ y)?2
8x 2 8 8 .8 8y 8 4 96 X 96 , 8
@ v) y@+x) y@ 0.y @G+x) @ 0  @a+xa yZ oarod vy @+
32 32 16 32 32
+ + + H(O; x)
a xNa y)2 @ oxa y) @ x) @ y)Zz a oy
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In order to geta nite dierential cross-sectionwe have to add the real soft-photon
emission,which cancelsthe IR polescoming from the virtual cross-section.

At O( 3) the diagrams cortributing are the following
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/Due to the iconalization of the vertex, the real emissioncortribution at O( 3) is given by\

d 3(s;t;m?) _ d 2(s:t;m2) X
- d - d Ji
i) =1
with Ji = i3 @ p) i,
i=+1 fori=14and = 1fori= 2,3

and

| is the cut-o on the unobsened photon energy

becausel; = Jj; we have in fact:

7
d 3(s;t;m2) _ d D (s;t; m?) 4X ]
N d T d 5
j=1
\ whered § (s;t; m?)=d is the Born cross-sectionexactin D. /
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'
o  (Py)? jPij  (Pyj)o+ jPij]

Plj =B *tr o apy B

1 | 2 0)
=~ 5 oatyN 5 N2 1y Iy +0O(D 4
Eg 28 4m? _24m2 t E_t Z_E4m2 u E_u
Ps+ s am2’ YT Pame 4Pt "4mz u+' U
Z, h i
0) _ 2 'pl pj !
R R A
fr 1 (Pydo, (Pudo P
Iy = q 1j)o 1, \F1j)o IF1j)

/

Rob erto Bonciani

RADCOROS,

Octob er 3, 2005



2 4 X2
Iﬁ) = —,; |§3> : 5 In x
m m21 x2
2 2
© _ 4y . o _ 4 z
115 = 37 yzlny, 11/ = 37 22Inz
1 1+ X
n = T INX |
2 . () . @) . (3 )y
g = Lio(g™) + Lio(a™) Li2(q™) Li2(™)
m2( %I l) I I | I
-1 Xxu. @ _ X @ w xoow 1 xa
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Finally, the contribution UV-renormalized and IR nite at O( 3) is given by

day(sstm?) o d{(sstm?) . d ?(s;t; m?)
d - d d

0 1

V (et 2 D(ct m2) X
_ @d1(Z,t,m)+do(z,t,m)4 Iy A

j=1

In particular, for our examplewe nd
T T - T T-wro

~ T+ Teno

-

/

Rob erto Bonciani RADCOROS5,

Octob er 3, 2005



~

.
T T e T I
T o

T o em Tt
O e

Rob erto Bonciani RADCORO05, Octob er 3, 2005




\

T w T T

~ e

T I =T

M T M

E _b_ﬁk_»_ + 2314 E >wvw< = IR n.

M _iE_F + Ad14 >/\/\/\/\/< M = IR n.
L /
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4 Real photon emissionfor the O( *Ng = 1) )

d P(s;t;m?)=d jn.=1 isthe one-loop Ng = 1 cross-sectionas a seriesin (D  4).

Note the fact that we needthe O(D 4) of the Ng = 1 cross-sectionin order to get
the correct nite part of the real emission,but again we DO NOT needthe O(D 4)

\ of the integrals Jy;, becaused ? (s;t; m?)=d jn,=; is nite! /
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Finally, the contribution UV-renormalized and IR nite at O( *Ng = 1) is given by

~d a(sit; m?) _dJ(ss;m?) , d ?(s;t; m?)
d Ng =1 d Ng =1 d Nr=1
0 1
4
. _ @ditm?) , d P(sitm? 4X 5 A
d Ng =1 d Ne=1l j=1

In particular, for a two-loop box we nd

T T8+ 23 T =ra

T e T
N /
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E . ;@;i‘ ' J1a E E = IR n.
>W< L ' J1a >W“< E = IR n.

E +M©M+ ' J13 E >@< = IR n.
>W< +M@W+ o >Q< >m< = IR n.

E :;@i: T du E >@< = IR n.
\>WM< :;Ei: T >O< >Mw< = IR n.
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Reducible DiagramsO( “Ng = 1)

\_

A A
e T

R n.

~
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One-Loop Verticestimes One-Loop O( “*Ng = 1)

é E E + (J1z + J11) f E % = IR n.
é >@< + (Ju+ Ju) % >@< = IRn.
i>«ww»< % E + (J12 + J11) ( % >W< = IR n.
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One-Loop boxestimes One-loop O( *Nfg = 1)

+ 2J12 =
; + 2114 E % % = IR n
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2
s

-

A + 2J13
A + 2J14
\ + 2J14

G

n.
n.
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Single IR Polesproportional to (2)
+ (Ji2 + J11) = IR pole/ (2)
+ 200+ Jn) = IR pole/ (2)
+ (Ji2 + J11) = IR pole/ (2)
t 23, = IR Pole/ (2)
These polescancelin the nal sum!
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Real photon emissionat O( 4)'

The inclusion of the two-loop vertex corrections requires the following real soft-emission
diagrams

Tree-Lewel with the emissionof two photons

T L0 L

One-Loop diagrams with the emissionof one photon

T rTT -
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Sincethe soft-photon correctionsin QED exponertiate, the cortribution due to the
emissionof two photons from the tree-level and the one due to the emissionof one photon
from the one-loop amplitude are given respectively by:

~2d 37 P(s;t;m?) _ 1 2dg(stm?) (4 . J1)?
d 2 d e
] =1
_rd 2 Meumy) o 2d PPsem?) X
d d ’

j=1

Note that:

becaused gV;D):d is IR-div ergert, in principle we needalsothe O(D 4) of the
integrals J1;,, BUT it is possibleto prove that actually we DO NOT needit.

\_ /
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that

-

Cancellationof O(D  4) of Jy;

d gv;D):d includes the cortribution of the vertices and the boxes

To prove the fact that we do not needto know the O(D  4) of the integrals J4;, consider

~

/

d {"PUs;ym?) _ d 1Y7)(s;t;m?) L4177 (st m?)
d - d d
(1Vv) (11;B)
Thesetwo contributions are
If we write . we also have:
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The cancellation of the IR divergencesn the O( 3) cross-sectionguararnteesthat

d ' Y(s;t;m?) d ¥ Y(s;t;m?) d o(s;t; m?) (1
+ + Sk =0
d d d
(11;B) (11Vv)
From the cross-sectionwe nd that the term proportional to SI(Rl) IS

S;doubl . .
d §5 (si;m?) | d o(sit; m?) sl Dg®
. IR IR

d d
The term proportional to s appearing in the Cross-sectionss
2 3
;singl .t ; e Vi Dt
q gs single )(S,'[, m?2) 4 d gV 1)(S,t, m?2) . d g )(S,t, m?2) 5 o)
d ' d "
(11:B) (1hVv)

We concludethat the terms proportional to SI(Rl) cancelout in the total real-emission
cross-sectionat order O( 4!

\_ /
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Diagrammatic IR subtraction

As for the previous contributions, we have particular combinations of diagramsthat are IR
nite:

1 :
+Z(Jll+ J13) = IR nite

\_ /
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We have alsoresidual IR polesproportional to (2):

+ (J1 + J12)°

+ (J11 + J12) = double IR pole/ (2)

Thesepolesneed,in order to be canceled,the contributions due to the photonic box
diagrams

\_ /
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What we have with m? 80

Two-loop Ng = 1 contribution. It is UV and IR nite

Basically we have everything exceptthe contribution of the photonic double boxes.

Two-loop photonic vertex and One-loop times One-loop cortributions. They are UV
nite but they still contain IR polesthat have to cancelwith the onescoming from the
photonic double boxes

/
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The m?=s! 0 Approximation

In order to do cheds against know results in the literature and to provide some
phenomenologicalconsiderationswe expandedour exact results retaining terms that do
not vanish in the limit m?=s! 0.

We write the small electron massapproximation of the crosssection as

2: (2)()|n2 = (1)()|n = 4 (O)()+O m_2
do ° mg ’ mg i >
where
1 cos
2

The functions g)( ) are known for the photonic corrections

\ I  seePenin's talk/
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d Np =1 s s
F N ) 3 (2) 2 (2
= .o In + _1 .o In + + _q .
dO NF—l,S m2 NF—1,2 m2 NF—]_,O
where:
) _ ! 1,2 12,23 1a
Np=1:3 1 + 22 9 9 3 9 9
2
1 4w 4 8 8 4 17 17 17 17 17 1 2
f\lz)_l_2 _ n cL° 42,253 %4 L R N U L T, 2
F== @ + 2)2 s 3 3 3 3 18 9 6 9 18 3 3
2 1 1 1 1 1
284 2% nae ) e O
3 3 3 3 3 3
A. B. Arbuzo v, E. A. Kuraev, N. P. Merenk ov and L. Tren tadue, Phys. Atom. Nucl. 60 (1997) 591 [Y ad. Fiz. 60N4 (1997) 673]
\R. B., A. Ferroglia, P. Mastrolia, E. Remiddi and J. J. van der Bij, Nucl. Phys. B716 (2005) 280 /
RADCORO05, Octob er 3, 2005



(2) -
N E =1 :0

20 40 20 40 20
—+ — =2, =3 -4 In(1
9 9 3 9
32 58 26 46 20
) In(X Y+ — = =2 T3, 4
9 3 9 9
4 1007 1
- @ %+6 (3 %+ 2 2@
1 5 5 1
- 22, =8 Y nda )
6 18 18 9
_ 19 6
In(1 Wiz() —r = (@ —
5
1 5 13 2 1
h@ )+ - — + -2 Z3,
3 6 12 3 3
11 4 1
S o+ 22 3,24 w2 yna
3 3 3
10 19
3 4 n2iys 4 2,2 g3,
9 3
211 56
323 29 4% =% 2@ )
54 27 3
2 1 2
~ 4 Lig() 2+ 3% 24 iza
3 3
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d pair @ n 3 S 2 In 2 S . @)
d o P air ;3 m 2 P air ;2 m 2 P air ;0
where:
P = _ - -+ — — + —
P air ;3 1 + 2)2 9 9 3 9 9
2
1 4w 1 2 2 1 1 2 2 1 5 10
|(32)air'2 = In — 24 2 23, 4 — 242 —3+—4In(l ) — —
' 1 + 22 s 3 3 3 3 3 3 3 3 9 9
5 10 5 1 2 2 1
+ - 2 3, 24 4 -4 2 23,24 In( )
3 9 9 3 3 3 3
\A. B. Arbuzo v, E. A. Kuraev, N. P. Merenk ov and L. Tren tadue, Phys. Atom. Nucl. 60 (1997) 591 [Y ad. Fiz. 60N4 (1997) 673] /
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I(DZ)air'O ) n 2 1,2 2,23 a4 ye L2 2 Zae ey
' @a + 2)2 s 3 3 3 3 3 3 3 3
2
4w 1 2 2 1 10 20 10 20 1 10 20
In i 24, 23 "4 n?2a s = D 4y 2 L3, % ) - =
s 3 3 3 3 9 9 3 9 9 9
10 20 10 12 2 1 12 1 2 1
+—2 3+ — 4 In( )+ — —  + 2 _3+ — 4 In2() — —  + -2 —3+ — 4 In3(1 )
3 9 9 3 3 3 3 9 9 3 9 9
5 10 5 10 5 2 4 4 2 56 8
s 2 D s 22 D3, T4 102 Sl v22 23,24 1 Lios() Z 20
9 9 3 9 9 3 3 3 3 27 3
112 56 8 112 4 56 4 2 4 4
C 4@ 2+ 12y 2% 23 2424 2 g ) I
27 9 3 27 3 27 3 3 3 3
2 12 1 2 1 5 10 5 10 5
+ 2% m2yma Y+ 202 422 D3, 24 p3 2D s 22 23,24 2,
3 9 9 3 9 9 9 9 3 9 9
2 4 22 4 2 56 4 112 56 4 112
S v D 230D L)y —+ - @ = 2@ 2+ =242 3 =08
3 3 3 3 27 3 27 9 3 27
56
4 4
— (2 + — — (2 InC )
27 3
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Numerical Evaluation

We have an almost-completeresult for the QED correctionsat O( #) of the Bhabha
scattering di erential crosssection: we have to estimate the phenomenologicalimpact

of retaining the massof the electron in the calculations (at least for the piecesthat are
known also exactly):

{

{ What we nd is that, for the N = 1 and known photonic corrections, the relative

size of the O(m?=s) terms with respect to the one-loop exact crosssectionis
10 © already at E 100 MeV

) we concludethat the m?=s! 0 limit is enoughfor phenomenology

\_ /
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Photonic Corrections: m?6 0 vs. m?=s! 0

2e-05
4e-06 - -
\ Dgox Box( ; E)
1.5e-05 Dvertices ( +E) 7 36-06*\ _
le-05+ 2e-06 - 10 —— _
90 -
1e-06 - -
5e-06 -
o T I Y B T 1606 1 1 1 1 1 1
0.04 0.06 0.08 0.1 0.12 0.14 0.04 0.06 0.08 0.1 0.12 0.14
E (GeV) E (GeV)
|
hi hi)y 1
oz ody@og d o d 1
Di( ;E)= — el —— —+ - —
d d d d
L
The soft-photon energycut-o is set equalto the beamenergy:! = E
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Small-Angle limit

The Vertex corrections agreewith the small-anglelimit of the photonic corrections

h 2
L gp) !:0—1 7.3 In 2 iz “+2mn? i 0 | |
0 ¢ = me 2 s 600 - ~ Penin ]
+6 In 42 + In S 6 (3) 3 (2 ﬁ + 9In () 500 ‘ gph o ):d ° _
s m 2 8
, 4172 412 400 |- T .
4 In [1 In() 2In 7 61 () =
s s
300 |- .
s @+ - @ 12 @he = 2@
4 5 200 —
l 6 @B n() 3 @ In() 93|() 9'()2
+ — + n n —In + —1In
2 8 2 100 —
41 2
+ In 2 2 4l ( )+ 2In2() 0 l l l x
S 0 5 10 15 20 25
41 2
+In 8 14l ()+6IN2() +0¢()
S
E = 0:5GeV and ! = E

The num bers are in units of 2= 2 5:4 10 ©

V. S. Fadin, E. A. Kuraev, L. Trentadue, L. N. Lipato v and N. P. Merenk ov, Phys. Atom. Nucl. 56 (1993) 1537 [Y ad. Fiz. 56N11
(1993) 145]
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E = 0:5 GeV and = |
The num bers are in units

-

The full correctionsin the limit m2=s!

Two-loop Logarithmic corrections

P

0, for s=1GeV:

| | |
d (Ne=D) 4 E—
Np =1+ P
1000 d5" T M=dg oo N

500

5:4 10 ©
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E = 0:5 GeV and = |
The num bers are in units

-

The full correctionsin the limit m2=s! 0, for

of

Two-loop Logarithmic corrections

P

s= 500GeV:

5000

4000
3000
2000 f,ffw,w
1000;

0
_1000'
22000

-3000
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Chedks

One loop. Analytical cheds with van Nieuwenhuizen (electron-muon scattering).
Numerical chedks with Consoli and Behm-Denner-Hollik

Two-loop Ng = 1. Analytical ched of the MIs with Czakon-Gluza-Riemann. Indirect
cheds on the full result: cancellation of divergencesn the nal result; cancellation of
the In® (s=m?) against the soft-pair emissioncortribution

Two-loop photonic contributions. Numerical ched<s of the vertex diagrams with S.
Uccirati & TOPSIDE collaboration. Analytical ched of the Mls with
Czakon-Gluza-Riemann. Cheds of the polesof the form factors with
Barbieri-Mignaco-Remiddi (In(=m) = 1=(D 4)) andlimits (g 2 of the electron).
Direct ched of the gaugeindependenceof the photonic vertex correctionsin the class
of the covariant linear gauges.Cheds of the small-angleregion with Arbuzov et al.
Chedk with A. Penin of the m?=s! 0 limit of vertices and one-loop times one-loop
diagrams
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Summary'

The calculation of the Two-Loop Ng = 1 and Two-Loop Vertex QED correctionsto
the Bhabha scattering di eren tial cross-sectionwas carried out keepingthe electron
massdi erent from zero, by meansof the Laporta algorithm and the Di eren tial
Equations Method

As a remark, we nd that, from a phenomenologicalpoint of view, there is no
di erence betweenthe exact calculation and the LL approximation (both for the
Ng = 1 setand for the vertices)

The numerical evaluation of the analytic expressionspreserted in the talk is
implemented in two computer programs, written in Fortran and Mathematica. In the
m?=s! 0 approximation, the full setof Two-Loop QED cortributions are known and
included in the program (N = 1 aswell as Penin's formulas). The exact results,
instead, include everything exceptthe Two-Loop photonic-box corrections

The Two-Loop photonic-box corrections are still missing (17?)
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