
• In a gauge theory, the physical operators are gauge invariant.

• The more natural way to compute a gauge-invariant charged field is to take the local operator and to dress it

  with a Wilson line that extends to infinity 

𝝍𝒊𝒏𝒗 = 𝑾𝜸(𝒙, 𝒙𝟎)𝝍(𝒙)

• It cannot be used to define states in a bounded subregion of a Cauchy surface

 (an “island”) commuting with all physical operators outside the region: some of the 

 outside operators are going to “intercept” the Wilson line and generically not commute with it.
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Some conceptual problems 

I

O’
O

Wilson line

• Define an automorphism of algebras that maps local operators into gauge-invariant 

ones

𝑶′ = 𝜴†𝑶𝛀 𝑤𝑖𝑡ℎ 𝜴†𝛀 = 𝟏
• This restore part of our locality since the dressed operator will have the same algebra 

as the local one

[𝑶𝟏
′ , 𝑶𝟐′] = 𝜴†[𝑶𝟏, 𝑶𝟐]𝛀

One possible resolution: the Intertwiner  
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The assumptions are the following: 

1. The gauge theory we took into consideration is non-anomalous.

2. The BRST charge admits the following decomposition* with respect to the grading 

operator S 

𝑸𝑩𝑹𝑺𝑻 = 𝑸𝟎 + σ𝟎<𝒏≤𝑵𝑸𝒏 𝑺,𝑸𝒏 = 𝒏𝑸𝒏   

• It is defined the following operator that interpolates between 𝑄𝐵𝑅𝑆𝑇 and 𝑄0 as follows:

𝑸 𝒕 = 𝑸𝟎 + ෍

𝟎<𝒏≤𝑵

𝒆−𝒏𝒕𝑸𝒏 = 𝐐𝟎 + 𝐐𝐈(𝐭)

• Since 𝛀 is an intertwiner it holds that the following quantity is conserved 
𝒅

𝒅𝒕
𝛀 𝒕 𝑸 𝒕 𝛀−𝟏 𝐭 = 𝟎.

• 𝛀 shall solve the following differential equation

𝒅𝛀(𝒕)

𝒅𝒕
= 𝒊𝛀 𝒕 𝑸𝑰 𝒕 , 𝑹 +  where 𝑸𝟎, 𝑹 + = 𝒊𝑺

• The law between the “free” and the total BRST chage  is therefore 

𝑸𝟎 = 𝛀 𝟎 𝑸𝑩𝑹𝑺𝑻𝛀(𝟎)

(*) This condition is not trivial; for instance if we add a cosmological constant to 

Chern-Simons or Einstein-Hilbert action this requirement is no longer satisfied. The construction still holds with some modifications.

Intertwiner, how can be constructed?  

The easier way to construct an intertwiner is through holomorphic quantisation.

Γ = න
Σ

(𝑓𝑎𝑏𝑐 ሚ𝐴𝑧
𝑏 ሚ𝐴 ҧ𝑧

𝑐 + 𝜋𝑐,𝑏𝑐𝑐)න
Σ

1

ҧ𝑧 − ഥ𝑤
𝐴𝑤
𝑎 𝑤 −න

Σ

𝜋𝑐,𝑎න
Σ

1

ҧ𝑧 − ഥ𝑤
𝑓𝑎𝑏𝑐𝑐

𝑏𝐴𝑤
𝑐 𝑤 +

1

2
𝑔𝑎𝑏න

Σ

𝜕 ҧ𝑧𝐴𝑧
𝑎න

Σ

1

ҧ𝑧 − ഥ𝑤
𝐴𝑧
𝑏 𝑤

How does it work? Holomorfic quantisation of CS
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Split the Chern-
Simons BRST charge

in 𝑄0 + 𝑄𝐼 
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Compute R and S 
operators

𝛀 𝟎 = 𝒆𝒊𝚪𝒕

Γ is non-local and extend to infinity

Solve the differential
equation and 
compute the 
Intertwiner

o  In the canaonical quantization, the field ሚ𝐴 is canonically conjugated to itself 

[෩𝑨𝒂(𝒙𝒕), ෩𝑨𝒃(𝒚𝒕)] = 𝒊𝒈𝒂𝒃𝜹𝟐 𝒙 − 𝒚 𝑽𝒐𝒍𝜮

o The grading is inconsistent. We therefore split ሚ𝐴𝑎 into its longitudinal and trasversal 

component 
෩𝑨𝒂 = 𝝏𝝁𝑳

𝒂 + 𝝐𝝁𝝂𝝏
𝝂𝑻𝒂

o The longitudinal mode is not BRST invariant while the trasversal mode is BRST exact. 

So every local field built with 𝐿𝑎or 𝑇𝑎 is either non-BRST invariant or trivial in the 

cohomology.

o It is known that Chern-Simons cohomology is not empty. This contradiction arise 

because Chern-Simons cohomology is non-local. For instance

𝒀𝒂 = 𝒄𝒂𝜹(𝑳𝒂)
     is in the cohomology but it is non-local.

Triviality of the BRST local cohomology 
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