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Background：Shapes of astronomical bodies tells rich information 

・Images of astronomical bodies contain information of fundamental physics

・Galaxy shapes are essential to probe cosmology/gravity cf. S.Arai et.al 2023 + 

©Galaxy Zoo from Euclid

- Galaxy evolution imprinted in its shape

- Shape distortions by gravitational lensing

- Higher shape moments of galaxies can 
exibits 3D parity violation, higher-spin 

moments etc.

- Machine-learning Simulation-based inference
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2D representation of images: Shapelets
A.Refregier 2003, R.Massey and A.Refregier 2004 +  

A.Refregier 2003 Fig.2, 3
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 (x) image field

- Hermite/Laguerre-Gaussian modes

are adopted

-grav. lensing follows selection rule (m→m±2)
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Motivation: Why Wigner Function?

・Shapelets in config/Fourier sp. are mathematically well-defined but… 

What this study reveals is

“Wigner Function Shapelets” organises

❓How does it relate to image propagation/processing

✅ Wigner transport is a conterpart of transfer eq. , given a resolution limit of a telescope
✅ group-theoretic representation of observables
✅ Local signatures in phase space reflects the nature of galaxy morphology 
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e.g. radiative transfer, point spreading, sensored on CCD…



Intro. Wigner Function

H.Weyl 1927, E. Winger 1932   
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W (x,p)[ ] = (2⇡�̄)�2

Z
d2⇠ (x+ ⇠/2) ⇤(x� ⇠/2) exp(�ip · ⇠/�̄)

: 
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 (x) Image field
Parity invariant
Symplectic covariant

Exp. val.
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hÂi = Tr(⇢̂ Â) =

Z
d2xd2pAW (x,p)W (x,p)
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AW (x,p) = (2⇡�̄)�2

Z
d2⇠A(x+ ⇠/2,x� ⇠/2) exp(�ip · ⇠/�̄)“Weyl symbol”
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1 = Tr(⇢̂) =

Z
d2xd2pW (x,p)
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I(x) =

Z
d2pW (x,p)
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F (p/�̄) =

Z
d2xW (x,p)

Normalisation

“quasi”probability dist (∵ it can be negative)

Intensity

Power spectrum
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AW (x,p) =

Wigner Function Shapelets, Shun ARAI (KMI) @ Concepts of quantum and spacetime　



Intro. Cross Wigner Function
<latexit sha1_base64="jJ/HGXl0HcyDgIyMN0UXWBL7YPg="></latexit>

W (x,p)[ a, b] = (2⇡�̄)�2

Z
d2⇠ a(x+ ⇠/2) ⇤

b (x� ⇠/2) exp(�ip · ⇠/�̄)

Parity inv. iff. a = b
Symplectic cov.
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hWcd|WabiHS
=

1

(2⇡�̄)2
h a | ci h b | di

Moyal/Plancherel  identity
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h a | bi / �ab# → Hilbert-Schmibt product becomes orthogonal 

⭐a, b: polarisation (I, Q, U, V), colours (ugriz), qunatum number 
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Intro. Wigner transport

 ast. 
body 

emission/absorbtion

grav.lensing/cosmic birefringence

 Wigner func. 
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�̄ ! 0
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W = W (x,p, s)
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@sW = {HW ,W}Moyal Product
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L = L(x,k, s)
Specific 
intensity 
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@sL = {H,L}Poisson Bracket

<latexit sha1_base64="2VcEPVkmlHiI+S121E15j1soAqU="></latexit>

k ⌘ p/�̄

✅ Wigner transport naturally corresponds to radiative transf.
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Wigner func. and Van-Cittert Zernike (VCZ) theorem

 ast. 
body 

image 
plane
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W (x,p) =

Z
d2⇠�(x+ ⇠/2,x� ⇠/2)exp(�ip · ⇠/�̄)
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�(x1,x2)

✅ Wigner function is Fourier inverse transf. of MCF

VCZ theorem 
Given a distant observer, 


Fourier transf. of incoherent EM intensity 

~ Mutual Coherence Function (MCF)


<latexit sha1_base64="XdLx2IgNjHPAmstYOwJozRu/Qwo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIlJdFt3oroJ9QBvCZDJph04yYWYilpCNv+LGhSJu/Qx3/o2TNgttPTDM4Zx7ufceL2ZUKsv6NkpLyyura+X1ysbm1vaOubvXkTwRmLQxZ1z0PCQJoxFpK6oY6cWCoNBjpOuNr3O/+0CEpDy6V5OYOCEaRjSgGCktuebBbW3gcebLSai/9DFzU3lqZyeuWbXq1hRwkdgFqYICLdf8GvgcJyGJFGZIyr5txcpJkVAUM5JVBokkMcJjNCR9TSMUEumk0wMyeKwVHwZc6BcpOFV/d6QolPmGujJEaiTnvVz8z+snKrh0UhrFiSIRng0KEgYVh3ka0KeCYMUmmiAsqN4V4hESCCudWUWHYM+fvEg6Z3W7UW/cnVebV0UcZXAIjkAN2OACNMENaIE2wCADz+AVvBlPxovxbnzMSktG0bMP/sD4/AGFEpZg</latexit>

I(xs,1)
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I(xs,2)

cf. F. Zernike, 1938   
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e.g. Wigner func. and cosmo. 4pt func.
 ast.

body image planeLOS projection
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hW1W2i
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W1
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W2
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h�1�⇤1�2�⇤2i

✅ Wigner func. at different sky position ~  4pt (collapsed limit)

<latexit sha1_base64="CK73vilsAfBlZrXbhxiPP6ReICU="></latexit>

 1(x) =

Z
d�W 1�(�x)

<latexit sha1_base64="izlxd+D6fo69QVL7DChIoeSeOIg="></latexit>

 2(x) =

Z
d�W 2�(�x)
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Wigner Function Shapelets 

<latexit sha1_base64="KKVR+gyjr8FeQnkcQYEGdTF9b+I="></latexit>

WLG
jm (Q0, Q2) / (�1)2je�4Q0Lj+m(4(Q0 +Q2))Lj�m(4(Q0 �Q2))

<latexit sha1_base64="ARoiXV6qPo1bWQ4lFxVrJK6409Y="></latexit>

Q0 =
1

2


|x|2

w2
+

w2|p|2

4�̄2

� <latexit sha1_base64="mQ5bRNVgaTyCSDRoMrUq6a111O8="></latexit>

Q2 =
1

2�̄
TxJp

<latexit sha1_base64="LKO0bJOh1lvcdRcPS1oOpYqe78s=">AAACIXicbVDLSgMxFM3UVx1fVZdugsXixjIjUrsRim7EVQX7gE4pmfS2Dc1khiQjlqG/4sZfceNCke7EnzF9KNp6IHA451xy7/EjzpR2nA8rtbS8srqWXrc3Nre2dzK7e1UVxpJChYY8lHWfKOBMQEUzzaEeSSCBz6Hm96/Gfu0epGKhuNODCJoB6QrWYZRoI7UyxRt8gT0fukwkUUC0ZA9D28E57HqefeLib+SwY3sg2j+hVibr5J0J8CJxZySLZii3MiOvHdI4AKEpJ0o1XCfSzYRIzSiHoe3FCiJC+6QLDUMFCUA1k8mFQ3xklDbuhNI8ofFE/T2RkECpQeCbpNmvp+a9sfif14h1p9hMmIhiDYJOP+rEHOsQj+vCbSaBaj4whFDJzK6Y9ogkVJtSbVOCO3/yIqme5t1CvnB7li1dzupIowN0iI6Ri85RCV2jMqogih7RM3pFb9aT9WK9W6NpNGXNZvbRH1ifXw/znyw=</latexit>

J =

✓
0 1
�1 0

◆

R.Simons and G.Agarwal 2004 + 

Point：Cross Wigner func. for Laguerre-Gaussian modes preserves SU(2)

Cross Wigner func. is analytically diagonalised  by Swinger bosonic oscillator

⭐　Hirbert-Schmibt space w. orthogonal and complete basis
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Compression of Wigner Function Shapelets to 2D plane 
WFS is complex in 4D phase space that prevents me from intuitive analyses

⭐ WFS is further characterised by ”Hopf Fibration”

<latexit sha1_base64="+Mc7+ElIbzBlgkhXY9ZC86wR5Mg="></latexit>

u =
p

Q0 +Q2e(�u) , v =
p
Q0 �Q2e(�v)

<latexit sha1_base64="MY0d5y/qFEqStPWjMw/jGeheeQ4="></latexit>

e(�) = T (cos(�), sin(�))

<latexit sha1_base64="Veh8BwrcF0bmuVT2WijvShvmc5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48tWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHSfbPv9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKnm8qHq1aq15Wanf5HEU4QRO4Rw8uII63EEDWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfSRY2D</latexit>

Q0

<latexit sha1_base64="UccvRBzXsLVJTa+YbRapGP4CeWo=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzTRGP6QjyYecUWOlh0a/0i+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietStmrlquNq1LtNosjD2dwDpfgwTXU4B7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/VTY2F</latexit>

Q2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="TQsjXVxx0mRkVg9CNUDa20o3HWU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BjGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6z3ny4qrVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPElY4U</latexit>

2⇡

<latexit sha1_base64="TQsjXVxx0mRkVg9CNUDa20o3HWU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzQHbX0w8Hhvhpl5QcyZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV0eJIrRDIh6pfoA15UzSjmGG036sKBYBp71gdpf5vSeqNIvko5nH1Bd4IlnICDaZ1BjGbFStuXU3B1onXkFqUKA9qn4NxxFJBJWGcKz1wHNj46dYGUY4XVSGiaYxJjM8oQNLJRZU+2l+6wJdWGWMwkjZkgbl6u+JFAut5yKwnQKbqV71MvE/b5CY8MZPmYwTQyVZLgoTjkyEssfRmClKDJ9bgoli9lZEplhhYmw8FRuCt/ryOuk26l6z3ny4qrVuizjKcAbncAkeXEML7qENHSAwhWd4hTdHOC/Ou/OxbC05xcwp/IHz+QPElY4U</latexit>

2⇡

H. Hopf 1931+  
<latexit sha1_base64="wjnEsCJU61X9FG8C9IMQ2lJOuNc=">AAACEHicbVDLTsJAFJ3iC/FVdelmIjHihrTEoEuiG5cYLZBQQqbDABOmj8zcmpCGT3Djr7hxoTFuXbrzb5yWLhQ8ySRnzrk3997jRYIrsKxvo7Cyura+UdwsbW3v7O6Z+wctFcaSMoeGIpQdjygmeMAc4CBYJ5KM+J5gbW9ynfrtByYVD4N7mEas55NRwIecEtBS3zx1fQJj6Sd3zqxSO8OuiiPFADsVW3+A+0xlvG+WraqVAS8TOydllKPZN7/cQUhjnwVABVGqa1sR9BIigVPBZiU3ViwidEJGrKtpQPSkXpIdNMMnWhngYSj1CwBn6u+OhPhKTX1PV6brq0UvFf/zujEML3sJD6IYWEDng4axwBDiNB084JJREFNNCJVc74rpmEhCQWdY0iHYiycvk1atater9dvzcuMqj6OIjtAxqiAbXaAGukFN5CCKHtEzekVvxpPxYrwbH/PSgpH3HKI/MD5/AHTOmvA=</latexit>

SU(2) � U(1)⇥ U(1)

✅ group-theoretic operation preserves information during compression 

Hopf torus
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Result 1: Wigner Function Shapelets ”band structure ” 

<latexit sha1_base64="Veh8BwrcF0bmuVT2WijvShvmc5Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48tWltoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUcepYthisYhVJ6AaBZfYMtwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLHSfbPv9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyKnm8qHq1aq15Wanf5HEU4QRO4Rw8uII63EEDWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfSRY2D</latexit>

Q0

<latexit sha1_base64="UccvRBzXsLVJTa+YbRapGP4CeWo=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzTRGP6QjyYecUWOlh0a/0i+W3LK7AFknXkZKkKHeL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGd74KZdxYlCy5aJhIoiJyPxvMuAKmRFTSyhT3N5K2JgqyoxNp2BD8FZfXietStmrlquNq1LtNosjD2dwDpfgwTXU4B7q0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/VTY2F</latexit>

Q2

<latexit sha1_base64="KKVR+gyjr8FeQnkcQYEGdTF9b+I="></latexit>

WLG
jm (Q0, Q2) / (�1)2je�4Q0Lj+m(4(Q0 +Q2))Lj�m(4(Q0 �Q2))

<latexit sha1_base64="6TLoqCj9P2jHhBBcUjLEeiObqis=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCG0tSpLosunHZgn1AG8JkOm2HTiZh5kapofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99wSx4Boc59vKrayurW/kNwtb2zu7e/b+QVNHiaKsQSMRqXZANBNcsgZwEKwdK0bCQLBWMLqZ+q17pjSP5B2MY+aFZCB5n1MCRvLto7pfxl3FB0MgSkUP+NwIvl10Ss4MeJm4GSmiDDXf/ur2IpqETAIVROuO68TgpUQBp4JNCt1Es5jQERmwjqGShEx76ez6CT41Sg/3I2VKAp6pvydSEmo9DgPTGRIY6kVvKv7ndRLoX3kpl3ECTNL5on4iMER4GgXuccUoiLEhhCpubsV0SBShYAIrmBDcxZeXSbNcciulSv2iWL3O4sijY3SCzpCLLlEV3aIaaiCKHtEzekVv1pP1Yr1bH/PWnJXNHKI/sD5/AAl/lFQ=</latexit>

Q2 ! �Q2

⭐WFS exhibits +/-/0 in geometry i.e. “band structure”
⭐Wigner is everywhere positive iff. it is a Gaussian state
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WFS rep.
<latexit sha1_base64="uaGwpO1KUGY6uEbAjTzx9xcG4Og="></latexit>

Wk`(Q0, Q2) =

Z
d�u

2⇡

d�v

2⇡
W exp(�ik�u � i`�v)

chiral symmetry
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Q. How to use WFS?

<latexit sha1_base64="Hd0LzLjI5BJ0lbV5rqRcgBZU6Ik=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEInkoiUj0WvXisYD8gCWWz3bRLN5uwu1FKqBf/ihcPinj1X3jz37hpe9DWBwOP92aYmRemnCntON/W0vLK6tp6aaO8ubW9s2vv7bdUkklCmyThieyEWFHOBG1qpjntpJLiOOS0HQ6vC799T6ViibjTo5QGMe4LFjGCtZG69qGfKoZ8yfoDjaVMHlDbK6Sga1ecqjMBWiTujFRghkbX/vJ7CcliKjThWCnPdVId5FhqRjgdl/1M0RSTIe5Tz1CBY6qCfPLBGJ0YpYeiRJoSGk3U3xM5jpUaxaHpjLEeqHmvEP/zvExHl0HORJppKsh0UZRxpBNUxIF6TFKi+cgQTCQztyIywBITbUIrmxDc+ZcXSeus6taqtdvzSv1qFkcJjuAYTsGFC6jDDTSgCQQe4Rle4c16sl6sd+tj2rpkzWYO4A+szx91rpbq</latexit>

 ! W [ ]

<latexit sha1_base64="+rCg8WciZULF8jnry4hSjiuYJSQ=">AAACFnicbVDLSsNAFJ34rPVVdelmsAh1YUlEqsuiG5cV7AOaUCaTaTt0kgkzN0oJ/Qo3/oobF4q4FXf+jZM2C209MMzhnHu59x4/FlyDbX9bS8srq2vrhY3i5tb2zm5pb7+lZaIoa1IppOr4RDPBI9YEDoJ1YsVI6AvW9kfXmd++Z0pzGd3BOGZeSAYR73NKwEi90qkba45dxQdDIErJB+wCFwFLM31ScX0pAj0OzZeOJie9Utmu2lPgReLkpIxyNHqlLzeQNAlZBFQQrbuOHYOXEgWcCjYpuolmMaEjMmBdQyMSMu2l07Mm+NgoAe5LZV4EeKr+7khJqLPdTGVIYKjnvUz8z+sm0L/0Uh7FCbCIzgb1E4FB4iwjHHDFKIixIYQqbnbFdEgUoWCSLJoQnPmTF0nrrOrUqrXb83L9Ko+jgA7REaogB12gOrpBDdREFD2iZ/SK3qwn68V6tz5mpUtW3nOA/sD6/AGwT6Ba</latexit>

 !  ̃(k)

<latexit sha1_base64="3Y6ur4fD236i9OJnBOQy08YD0C0="></latexit>

F (p/�̄) =

Z
d2xW (x,p)

<latexit sha1_base64="mc91nbKEUONJizzclfle8mWwfWM=">AAACMHicbVDLSgMxFM3UV62vqks3wSK0IGWmSHUjFF2ouwr2AZ2xZDJpG5rJDElGLMN8khs/RTcKirj1K0zbWdTWAyEn555L7j1uyKhUpvluZJaWV1bXsuu5jc2t7Z387l5TBpHApIEDFoi2iyRhlJOGooqRdigI8l1GWu7wclxvPRAhacDv1Cgkjo/6nPYoRkpL3fzVTdF2A+bJka+v+DEpwXMIbcpVHNvCh15yX0lgCFtztuPZZ5iUuvmCWTYngIvESkkBpKh38y+2F+DIJ1xhhqTsWGaonBgJRTEjSc6OJAkRHqI+6WjKkU+kE08WTuCRVjzYC4Q+XMGJOtsRI1+OZ9NOH6mBnK+Nxf9qnUj1zpyY8jBShOPpR72IQRXAcXrQo4JgxUaaICyonhXiARIIK51xTodgza+8SJqVslUtV29PCrWLNI4sOACHoAgscApq4BrUQQNg8ARewQf4NJ6NN+PL+J5aM0basw/+wPj5BcaIqh4=</latexit>

I(x) =

Z
d2pW (x,p) 2D observables


w. band structure

phase sp. 

Fourier sp. 

config. sp. 

<latexit sha1_base64="Xo2J3H2rzad1IRwcnRSIXLGhf2I="></latexit>

Sp(4,R) ' SU(2) level sets � U(1)⇥ U(1)
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Result 2：Galaxy morphology response

<latexit sha1_base64="M5WDu83o+cn+8s0w7F2nKpcdB7U="></latexit>

W =
X

j=0, 12 ,1,···

jX

m=�j

WjmWLG
jm + cross Wigner
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Takeaways

“The great advances in science usually result from new tools rather than from new doctolines…”  
F. Dyson, NYBR essay 1995

・We extend the conventional shapelets, employing Wigner function

prospects :
・Mock data challenges (Point spread function, model bias, deblending…)

・app. for extended fields  (CMB, LSS, 21cm BT etc. ) by Wigner function 

What this study reveals is

“Wigner Function Shapelets” organises
✅ Wigner transport is a conterpart of transfer eq. , given a resolution limit of a telescope
✅ group-theoretic representation of observables
✅ Local signatures in phase space reflects the nature of galaxy morphology 
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