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Quasi-Local gauge invariant observable
• A central theme of my work is to develop a bottom-up approach to Quantum Gravity 

(QG) that  focus  on understanding universal features of QG and its phenomenology

• This includes the study of the nature of gravitational entanglement, of background 
independence, it requires a deeper dive into the constraints, and its holographic 
properties and focuses on the understanding of gravitational fluctuations and is also 
connected to the infrared issues.

• All these questions necessitate understanding the nature of gravitational subsystems 
and of the construction of quasi-local gauge invariant observables

• What became clear from many sources is that it requires a deeper understanding 
relational observables and QFT in the presence of Quantum Reference Frame (QRF)

 Page-Wooters, Rovelli, 
Dittrich, Giddings, Marolf

CLPW, 
Fewster, Janssen, Rezjner  
Loveridge, Glowacki,…

• One of the main challenge we face in connecting QFt to QG is the challenge of 
background independence



Quasi-Local gauge invariant observable
The construction of localized gravitational observables requires three ingredients:

• An understanding of edge modes and dressing fields necessary to localize the gauge 
algebra [LF Donnelly ’16] 

[Ciambelli, Leigh, Hoen, Carrozza] 
LF, Kirklin 25

• The necessity to understand Dressing fields and their quantization
     Field theoretical QRF: Kahler reference frame

 Strominger, Pate, Raclariu, 
LF, Kirklin 25

The presence of anomalies requires a deformation of the classical effective description 
and implies that [Quantization, Reduction]   
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→= 0

• An deeper understanding of null ray Physics: The importance of Raychaudhuri eq 
[Wall ’11. Bousso, Holland-Wald  ]



Null geometry 

In this context the quantum reference frame activated is the null time, so null geometry 
also allow to address the nature of time at the quantum level

A universal and foundational element of classical and quantum geometry are null rays.  

The key elements of Quantum Geometry: Corner symmetries, Quantum references frames, 
Dressing fields and localization are realized in the study of null Horizons where the 
localization program can be carried out explicitly. 

We have discoverered that null rays described by a universal structure that enables 
quantization. Quantum Null rays (called embadons) therefore constitute an fundamental 
building block of any effective description of quantum gravity and support proofs of the GSL 
along horizons 



Geometry of Null Hypersurfaces
<latexit sha1_base64="EXMgseVTX8B0p9euhpEnA9CmauI="></latexit>

N 3d Null Manifold
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1

2
L`qab such that ✓a
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2
qa

b + �a
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Carrollian Structure (`a, qab) with `aqab = 0
<latexit sha1_base64="CrmI6dhUmXDn0wHvA90+mXXfkTs="></latexit>

Ruling ka with `aka = 1

[Levy-Leblond ’64, Ashtekar ’78 
-’24, Henneaux ’81, Dautcourt ’97, 
Duval-Gibbons-Horvarthy ’14, …]

<latexit sha1_base64="5GxqT5nHsh5dscPdmw7f2f6/xRQ="></latexit>

Carrollian Connection: ‘preserve’ the metric as

Daqbc = �(kb✓ac + kc✓ab)

Traceless

<latexit sha1_base64="UpZsLO7PIwUkhv3aeumOwxjFu0M="></latexit>

It defines a boost connection Da"N = �!a"N With !a = ka + ⇡a

Inaffinity

<latexit sha1_base64="K4BeoxecJ/8Cn0FXcx4PP6uHFJg="></latexit>

ωaεa = εv



Dynamics on Null Hypersurfaces
<latexit sha1_base64="ZE1YcjFfb2EG1pb2hX4CbpOBT6M="></latexit>

Null Brown York Tensor Ta
b := Da`

b � �baDc`
c

<latexit sha1_base64="W8BNbZ+L0ycSDYeniA4P3k4g/bQ="></latexit>

µ = +
✓

2
Surface Tension

[Ciambelli-Petropoulos’19
Donnay-Marteau ’19, 

Chandrasekaran-Flanagan-
Shehzad-Speranza ’21]

[Freidel-Jai-akson ’22]

[Price-Thorne ’88]
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Fluid-Gravity perspective, Membrane paradigm
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Einstein Gravity projected to N : DbTa
b = 8ωGTmat

aω

<latexit sha1_base64="rp430RGVA8dZo91D/SpVsSKFrEk="></latexit>

Projected along ωa : (Lω+ε)ε = µε→ϑa
bϑb

a→8ϖGTmat
ωω Null Raychaudhuri Equation

<latexit sha1_base64="OYoliFRqSt5fs/vsCzMcQLn4MRs="></latexit>

Projected along qc
a : (Lω+ω)εa = Daµ→Dbϑa

b+8εGTmat
aω Damour Equation



Symplectica

<latexit sha1_base64="WuGnv7F9EabcU5HbtZiKGoRoAvs="></latexit>

Intrinsic to N

[Hayward ’93, Ashtekar ‘00, Lewandowski ’04, Lehner-Myers-Poisson-Sorkin ‘16, Parattu-Chakraborty-Padmanabhan ’16, LF-Hopfmueller’16,   
DePaoli-Speziale ’17, Adami-Grumiller-Sheikh-Jabbari-Taghiloo-Yavartanoo-Zwikel ’21, Chandrasekaran-Speranza ‘21, Chandrasekaran-

Flanagan-Shehzad-Speranza ’21, LF-Jai-akson ’22]
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Starting from the gravitational action �LEH = d⇥EH +Gab�gab
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⇥EH = 1
2Da (

p
g�`a)� � (

p
gDa`

a) +⇥can
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We extract after a canonical transformation a canonical Carrollian-fluid potential
<latexit sha1_base64="qK+TTO6feZf9r6BAnmoTLYD3M4U="></latexit>

!EH = ω”EHSymplectic potential



Kinematical Poisson Brackets
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Spin0 : ⌦ and µ are conjugate variable : Newtonian modes
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Spin2 : qab and ⌦�ab are conjugate variable : Radiation modes
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Raychaudhuri constraint
<latexit sha1_base64="3524gelbdGoWyu3YyI9DP7WB74I="></latexit>
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vv

�
= 0
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Time Reparameterization Charge:
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area element
<latexit sha1_base64="tqOjug3567ay1O93SREtg80UCe4="></latexit>

= local boosts generator

[Ciambelli, LF,Leigh’23] 



Decoupling regime

stress tensor.

In the following we will consider a linearized regime for the spin 2 part of the gravitational field,
meaning the shear ω

b
a . In particular, we assume that ⊋hab is very small in the decomposition

qab = !
(
q

(0)
ab + ⊋hab

)
, (2.2)

where ⊋ =
→

32εGN, and q
(0)
ab is some fixed background degenerate metric with ϑvq

(0)
ab = l

a
q

(0)
ab = 0,

det q
(0) = 1. One then has

ω
b

a = 1
2⊋ϑvh

b
a + O

(
(⊋h)2

)
, (2.3)

where h
b

a = q
(0)cb

hac. Substituting this into the Raychaudhuri constraint and truncating to quadratic
order in ⊋h yields

C = ϑ
2
v! ↑ µϑv! + 8εGN!

(
ϑvh

b
a ϑvh

a
b + T

mat
vv

)
= 0. (2.4)

At this order, one can treat h
b

a as traceless and decompose it into its two polarisations h→, h+, so that

ϑvh
b

a ϑvh
a

b = (ϑvh→)2 + (ϑvh+)2
. (2.5)

To keep things simple, we will take the matter to simply consist of a collection of massless scalar fields
ϖ. It is convenient to absorb the spin 2 polarisations h→, h+ into this collection, so that

ϑvh
b

a ϑvh
a

b + T
mat
vv =

∑

i

(ϑvϖi)2
, (2.6)

where the index i runs over the spin 2 and matter contributions.

Let us emphasise that the spin 0 part of the gravitational field ! can have arbitrarily large fluctuations
in this regime. In the future we hope to understand what happens when one turns back on the higher
order terms in ⊋h, and includes other types of matter, perhaps by establishing a perturbation theory
around the results of this paper. As we shall see, the present setup is simple enough to be tractable,
while simultaneously having su!cient structure to be quite physically and mathematically rich.

In C, the scalar fields ϖ appear to interact with the area element ! via a cubic term. It is convenient
to eliminate this by defining

ϱi =
→

!ϖi, ς = µ + 4εGN
1

→
!

ϑv

(→

!
∑

i

ϖ
2
i

)
, (2.7)

in terms of which the Raychaudhuri constraint reads

C = ϑ
2
v! ↑ ςϑv! + 8εGN

∑

i

(ϑiϱi)2
. (2.8)

We will hereafter refer to the fields ϱi as the radiative degrees of freedom.

2.1 Kinematical phase space
The null surface N is foliated by its null rays. Since the null rays are out of causal contact with one

another, they are dynamically decoupled – this is the principle of ultralocality. It allows each null ray
to be treated as an independent physical system, making it possible to perform procedures such as
quantization and constraint imposition ray-by-ray. We will exploit this to focus, for the remainder of
the paper, on a single null ray R.2

2 Of course, at some later stage the rays must be glued back together to recover the full system. (TODO: EFT vs

mesoscopic QG, embadons, fuzzy, etc.)
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Chose matter to be a collection of massless scalar

At this order 
Radiative dof 

Includes gravitons + matter fields

Coupling matter dof with spin 0 : cubic coupling + gravitational back-reaction 

Remarkably, we can achieve decoupling and create a QRF + clock system

<latexit sha1_base64="Wt7x4fZ0fBBza+JFuTziakBKAdA="></latexit>

C = ω2
v!→ µ!+ 8εG!

(
∑

i

(ωvϑi)
2

)
= 0

Spin 2 behaves like matter = radiative dof are the usual EFT degrees of freedom

[LF, Kirklin]
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One defines

In term of which the constraint becomes

This achieve decoupling:  The gravitational back-reaction is entirely encoded in 
spin 0 = Physical clock for the radiative degrees of freedom
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C = HClock +HSystem

This decoupling allows one to use the QRF technics to quantize C and impose 
<latexit sha1_base64="1Ot6wWv1RlKLg/TFZj8VzPv2m54="></latexit>

C = 0
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Ultra-Locality

In term of which the constraint becomes
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around the results of this paper. As we shall see, the present setup is simple enough to be tractable,
while simultaneously having su!cient structure to be quite physically and mathematically rich.

In C, the scalar fields ϖ appear to interact with the area element ! via a cubic term. It is convenient
to eliminate this by defining

ϱi =
→

!ϖi, ς = µ + 4εGN
1

→
!

ϑv

(→

!
∑

i

ϖ
2
i

)
, (2.7)

in terms of which the Raychaudhuri constraint reads

C = ϑ
2
v! ↑ ςϑv! + 8εGN

∑

i

(ϑiϱi)2
. (2.8)

We will hereafter refer to the fields ϱi as the radiative degrees of freedom.

2.1 Kinematical phase space
The null surface N is foliated by its null rays. Since the null rays are out of causal contact with one

another, they are dynamically decoupled – this is the principle of ultralocality. It allows each null ray
to be treated as an independent physical system, making it possible to perform procedures such as
quantization and constraint imposition ray-by-ray. We will exploit this to focus, for the remainder of
the paper, on a single null ray R.2

2 Of course, at some later stage the rays must be glued back together to recover the full system. (TODO: EFT vs

mesoscopic QG, embadons, fuzzy, etc.)
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And the null ray symplectic potential reads

The ‘canonical’ symplectic 2-form of a gravitational null surface in the ‘primed’ phase space [Ciambelli:2023mir,
Ciambelli_2024] is given by

!can =
∫

N

ω
(0)
N

( 1
8εGN

(
ϑ! → ϑµ + ϑ

(
1
2!ϖ

ab
)

→ ϑqab

)
+ ϱ

mat
)

, (2.9)

The volume form used above is ω
(0)
N

= dv → ω
(0)
C

, where ωC = !ω
(0)
C

is the volume form associated with
q

(0)
ab on the cuts C. The dv part gives an integral along each null ray of N , while ω

(0)
C

integrates over
all null rays. Since we are looking at a single null ray R, we will discard this latter integration. The
term ω

(0)
N

ϱ
mat is the symplectic current of the matter fields; in the case at hand ϱ

mat is a sum over
ϑ(!ςvφi) → ϑφi. This sum by itself does not include the spin 2 modes h→, h+, but using the linearized
prescription (2.2) leads to

1
8εGN

ϑ

(
1
2!ϖ

ab
)

→ ϑqab = ϑ(!ςvh→) → ϑh→ + ϑ(!ςvh+) → ϑh+, (2.10)

so the symplectic form may be written

! =
∫

R
dv

( 1
8εGN

ϑ! → ϑµ +
∑

i

ϑ(!ςvφi) → ϑφi

)
, (2.11)

where the
∑

i is now done over all radiative degrees of freedom. Making the change of variables µ ↑ ↼

and φi ↑ ↽i defined in (2.7), one finds

! =
∫

R
dv

( 1
8εGN

ϑ! → ϑ↼ +
∑

i

ςv(ϑ↽i) → ϑ↽i

)
, (2.12)

up to a boundary term which we can safely ignore by imposing the fallo! conditions

↽i = o(1/v), ! = O(v), ↼ = o(1/v
2) as v ↑ ±↓. (2.13)

2.2 Gauge transformations
In the following we denote

T := C

8εGN
. (2.14)

where C is defined in (2.8). Suppose f is a function satisfying

f = o(1), ςvf = o(1/v), as v ↑ ±↓. (2.15)

It is straightforward to check using the symplectic form that Tf :=
∫
R dv fT is then the generator of

the following transformation

ϑf ! = fςv!, ϑf ↼ = ςv(f↼) + ς
2
vf, ϑf ↽i = fςv↽i. (2.16)

Indeed, we have
Iωf

! = ↔ϑTf . (2.17)

Let F = exp(fςv) denote the (orientation-preserving) di!eomorphism generated by the vector field
fςv. Then (2.16) may be integrated to the finite transformation

F ⇀ ! = ! ↗ F, F ⇀ ↼ = (ςvF )↼ ↗ F + ς
2
vF

ςvF
, F ⇀ ↽i = ↽i ↗ F, (2.18)

In [Ciambelli:2023mir, Ciambelli_2024], this was called a ‘primed di!eomorphism’. We will just
refer to it as a di!eomorphism. It is the combination of an ordinary di!eomorphism tangent to l with
a rescaling of l to preserve the condition ϑl = 0. These are gauge transformations in gravity. Note that
↼ transforms like the v component of a connection 1-form (the second term above comes from the
rescaling of l in the ina"nity ⇁).
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Different null rays are out of  causal contact, they are dynamically decoupled and can be 
decoupled through the principle of ultra-locality. One can perform quantization and 
constraint imposition ray-by-ray and we now focus on a single ray 

[Kay-Wald’91]<latexit sha1_base64="drzEHixDQS8rY3yeu8XUbPwnGjA="></latexit>

→ωv1εωv2ε↑ = →ωv1ε↑→ωv2ε↑

An embadon



Cross-product QRF
The construction of the Quantum Gauge invariant observables 
Requires the choice of a quantum dressing map

<latexit sha1_base64="5MgT4+8Vr52W70hqyxI2GlTjAlc="></latexit>

APhys = (AS →AQRF)
G

<latexit sha1_base64="0axnoL6I5n22OtAxgweKJTVBoYQ="></latexit>

HKin = HS → L2(G)

And construct the set of gauge invariant observables 
<latexit sha1_base64="es6aBP8ZW1Gl0R5xSjFiRHxtzx0="></latexit>

AS = B(HS)
<latexit sha1_base64="JmMVlehaqE2CQ3SaZtpG6FVMPqU="></latexit>

AQRF = B(L2(G))
<latexit sha1_base64="/Mkt3uR030Ix27Gq4Gn/+EGZ6LE="></latexit>

= C[ω, g = eiT̂ ]

One starts with the kinematical Hilbert space



Cross-product QRF
The construction of the Quantum Gauge invariant observables 
Requires the choice of a quantum dressing map

<latexit sha1_base64="5MgT4+8Vr52W70hqyxI2GlTjAlc="></latexit>

APhys = (AS →AQRF)
G

<latexit sha1_base64="0axnoL6I5n22OtAxgweKJTVBoYQ="></latexit>

HKin = HS → L2(G)

And construct the set of gauge invariant observables 
<latexit sha1_base64="es6aBP8ZW1Gl0R5xSjFiRHxtzx0="></latexit>

AS = B(HS)
<latexit sha1_base64="JmMVlehaqE2CQ3SaZtpG6FVMPqU="></latexit>

AQRF = B(L2(G))

The group action is generated by the action of the constraint
<latexit sha1_base64="VhQsszuT6Qfc1FF+HYqLgASR/g8="></latexit>

Ca = ω
QRF
a +H

S
a = 0

<latexit sha1_base64="/Mkt3uR030Ix27Gq4Gn/+EGZ6LE="></latexit>

= C[ω, g = eiT̂ ]

One starts with the kinematical Hilbert space



Cross-product QRF
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internal dressing
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The dressing time                              
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V : I → I = [0, 1]

2.4 Gauge-invariance and dressing
In order to construct quasi-localized gauge invariant observables with support inside I, let us now

introduce the dressing time V [Ciambelli_2024]. V → Di!+(I ↑ I) is an orientation preserving
di!eomorphism that maps the segment I = [v0, v1] into a reference interval I = [0, 1].

The dressing time is defined from the knowledge of ω by the di!erential equation

ε2
vV

εvV
= ω. (2.37)

Note that ω itself only determines V up to a"ne transformations V ↑ AV + B, but the edge mode
boundary conditions

V (va) = a, a = 0, 1. (2.38)

fix this ambiguity. V is explicitly given in terms of (ω, va) as

V (v) =
∫ v

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→

/ ∫ v1

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→ . (2.39)

One may readily derive that under a primed di!eomorphism the dressing time transforms as a scalar:

F ϑ V = V ↓ F, or infinitesimally ϖf V = fεvV. (2.40)

The inverse of the dressing time, which we denote X = V ↑1, is an ‘embedding field’ of the kind
described in [Donnelly:2016auv].

In terms of V , the stress tensor may be written

T = 1
2ϱ

ςεvV +
∑

i

(εvφi)2, (2.41)

where we have defined

ς = 1
4GN

εv

(
εv”
εvV

)
= 1

4GN
(εvV )↑1

(
ε2

v” ↔ ωεv”
)
. (2.42)

This field ς transforms under primed di!eomorphisms like a 1-form:

F ϑ ς = (εvF )ς ↓ F, or infinitesimally ϖf ς = εv(fς). (2.43)

It plays the role of the conjugate momentum to V , which can be most clearly seen by writing the
symplectic form in terms of V, ς . Integrating by parts, one finds

#I =
∫ v1

v0
dv

(
1

2ω ς ↗ ϖV +
∑

i

εvφi ↗ ϖφi

)
+ #εI , (2.44)

where
#εI = 1

8ϱGN

[
”εvϖV

εvV
↔

εv”
εvV

ϖV
]v1

v0
↔

∑

a

↼a (paϖva + ↽a(ϖ⇀̄a + ωaϖva)) . (2.45)

To evaluate the first term, we need to relate the value of the variation of V and its derivative at va in
terms of the edge mode variables. We have that va is the preimage of a while9

va = V ↑1(a), ⇀a = ln(εvV )(va). (2.46)

9 This is equivalent to the edge mode definition V
↑1(a) = a and ωa = → ln εv(V ↑1)(a), where X = V

↑1 plays the role of
the embedding field internal to I. With this data one can define ω(v) = ω0 +

∫ v

v0
ϑ which transforms as ϖf ω(v) = εvf + ϑf .

9

is such that 
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Figure 2.2: We use embedding fields X : I → I and X̄ : Ī → Ī to construct
the phase space of the null ray segment I. Here, I = [0, 1] ↑ R is a reference
interval for I via X, while the complement Ī is a reference for the complement
Ī via X̄. On I ↓ Ī we use the coordinate v, while on I ↓ Ī we use the coordinate
v. We will take X to be the inverse of the ‘dressing time’ V : I → I, but
leave X̄ general, only requiring X(a) = X̄(a) = va at a = 0, 1 ↑ ωI. The
mismatches between the derivatives of X and X̄ at ωI manifest as edge modes
in the segment phase space.

2.3 Reducing to a segment with edge modes
So far we have described the phase space of the full null ray R. From this we will now derive the

phase space of a subregion of the ray, i.e. a segment I ↔ R. Let us use v = va, a = 0, 1 to denote the
endpoints of I, with v0 < v1.

The basic assumption we shall make in the following is that observables O supported in I commute
with observables Ō supported in its complement Ī = R \ I, i.e. their Poisson bracket vanishes,
{O, Ō} = 0.

In infinite dimensions, even when the symplectic structure is non-degenerate, the Poisson bracket
is only defined for certain observables3 [Prabhu:2022zcr]. The bracket exists when the there is a
Hamiltonian vector field εO, meaning IωO

! = ↗εO (here I denotes phase space contraction). The
Poisson bracket of two such observables can be found by contracting their corresponding vector fields
into the symplectic form:

{O1, O2} = !(εO1 , εO2) = εO1O2. (2.19)

The convention chosen here means that O → εO is a morphism of algebra, i.e. ε{O1,O2} = [εO1 , εO2 ].4 In
theories with gauge symmetry, observables O must commute with the constraints (so here {O, Tf } = 0);
equivalently they must be invariant under gauge transformations (so εf O = 0). Suppose we wish
to compute the Poisson bracket of two observables O1, O2 supported in I ↔ R, with associated
Hamiltonian vector fields εO1 , εO2 . By the assumption that observables in I commute with those in Ī,
the field variations εO1 , εO2 must leave invariant any gauge invariant observable supported in Ī, which

3 In other words, even if ! is non-degenerate, the map X → [Y → !(X, Y )] is injective but not surjective. This means
that there could be phase space observables O such that ωO is not of the form !(·, Y ) for any Hamiltonian vector field
Y [Chandrasekaran:2023vzb].

4 A simple proof of this is

Iω{O1,O2}
! = ω{O1, O2} = ωLωO1

O2 = LωO1
ωO2 = LωO1

IωO2
! = I[ωO1 ,ωO2 ]! (2.20)
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V : I → I = [0, 1]

2.4 Gauge-invariance and dressing
In order to construct quasi-localized gauge invariant observables with support inside I, let us now

introduce the dressing time V [Ciambelli_2024]. V → Di!+(I ↑ I) is an orientation preserving
di!eomorphism that maps the segment I = [v0, v1] into a reference interval I = [0, 1].

The dressing time is defined from the knowledge of ω by the di!erential equation

ε2
vV

εvV
= ω. (2.37)

Note that ω itself only determines V up to a"ne transformations V ↑ AV + B, but the edge mode
boundary conditions

V (va) = a, a = 0, 1. (2.38)

fix this ambiguity. V is explicitly given in terms of (ω, va) as

V (v) =
∫ v

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→

/ ∫ v1

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→ . (2.39)

One may readily derive that under a primed di!eomorphism the dressing time transforms as a scalar:

F ϑ V = V ↓ F, or infinitesimally ϖf V = fεvV. (2.40)

The inverse of the dressing time, which we denote X = V ↑1, is an ‘embedding field’ of the kind
described in [Donnelly:2016auv].

In terms of V , the stress tensor may be written

T = 1
2ϱ

ςεvV +
∑

i

(εvφi)2, (2.41)

where we have defined

ς = 1
4GN

εv

(
εv”
εvV

)
= 1

4GN
(εvV )↑1

(
ε2

v” ↔ ωεv”
)
. (2.42)

This field ς transforms under primed di!eomorphisms like a 1-form:

F ϑ ς = (εvF )ς ↓ F, or infinitesimally ϖf ς = εv(fς). (2.43)

It plays the role of the conjugate momentum to V , which can be most clearly seen by writing the
symplectic form in terms of V, ς . Integrating by parts, one finds

#I =
∫ v1

v0
dv

(
1

2ω ς ↗ ϖV +
∑

i

εvφi ↗ ϖφi

)
+ #εI , (2.44)

where
#εI = 1

8ϱGN

[
”εvϖV

εvV
↔

εv”
εvV

ϖV
]v1

v0
↔

∑

a

↼a (paϖva + ↽a(ϖ⇀̄a + ωaϖva)) . (2.45)

To evaluate the first term, we need to relate the value of the variation of V and its derivative at va in
terms of the edge mode variables. We have that va is the preimage of a while9

va = V ↑1(a), ⇀a = ln(εvV )(va). (2.46)

9 This is equivalent to the edge mode definition V
↑1(a) = a and ωa = → ln εv(V ↑1)(a), where X = V

↑1 plays the role of
the embedding field internal to I. With this data one can define ω(v) = ω0 +

∫ v

v0
ϑ which transforms as ϖf ω(v) = εvf + ϑf .

9
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↑1(a) = a and ωa = → ln εv(V ↑1)(a), where X = V

↑1 plays the role of
the embedding field internal to I. With this data one can define ω(v) = ω0 +

∫ v

v0
ϑ which transforms as ϖf ω(v) = εvf + ϑf .

9

determine V
<latexit sha1_base64="kKIqKS++YWnnMjP96AgZZQhp/60="></latexit>

ω+

1-Given V we can tread canonical variables for the spin 0 sector   
<latexit sha1_base64="lgeXFWSKptZyoEOz4xUC0fB8TWI="></latexit>

(!,ω) → (ε, V )

From the internal perspective we see that the edge modes represents the dof 
that allows to fix the difference between gauge fixing and frame fixing 

is not enough to determine  V:  Ambiguity 
<latexit sha1_base64="/Ge0I4nkRtgFIRXmdl2FzTa5tvE="></latexit>

V → AV +B
<latexit sha1_base64="I+kIF4B6/r25eWKQd3PptzhLBvw="></latexit>

ω

We need edge modes 



Dressing time I
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Figure 2.2: We use embedding fields X : I → I and X̄ : Ī → Ī to construct
the phase space of the null ray segment I. Here, I = [0, 1] ↑ R is a reference
interval for I via X, while the complement Ī is a reference for the complement
Ī via X̄. On I ↓ Ī we use the coordinate v, while on I ↓ Ī we use the coordinate
v. We will take X to be the inverse of the ‘dressing time’ V : I → I, but
leave X̄ general, only requiring X(a) = X̄(a) = va at a = 0, 1 ↑ ωI. The
mismatches between the derivatives of X and X̄ at ωI manifest as edge modes
in the segment phase space.

2.3 Reducing to a segment with edge modes
So far we have described the phase space of the full null ray R. From this we will now derive the

phase space of a subregion of the ray, i.e. a segment I ↔ R. Let us use v = va, a = 0, 1 to denote the
endpoints of I, with v0 < v1.

The basic assumption we shall make in the following is that observables O supported in I commute
with observables Ō supported in its complement Ī = R \ I, i.e. their Poisson bracket vanishes,
{O, Ō} = 0.

In infinite dimensions, even when the symplectic structure is non-degenerate, the Poisson bracket
is only defined for certain observables3 [Prabhu:2022zcr]. The bracket exists when the there is a
Hamiltonian vector field εO, meaning IωO

! = ↗εO (here I denotes phase space contraction). The
Poisson bracket of two such observables can be found by contracting their corresponding vector fields
into the symplectic form:

{O1, O2} = !(εO1 , εO2) = εO1O2. (2.19)

The convention chosen here means that O → εO is a morphism of algebra, i.e. ε{O1,O2} = [εO1 , εO2 ].4 In
theories with gauge symmetry, observables O must commute with the constraints (so here {O, Tf } = 0);
equivalently they must be invariant under gauge transformations (so εf O = 0). Suppose we wish
to compute the Poisson bracket of two observables O1, O2 supported in I ↔ R, with associated
Hamiltonian vector fields εO1 , εO2 . By the assumption that observables in I commute with those in Ī,
the field variations εO1 , εO2 must leave invariant any gauge invariant observable supported in Ī, which

3 In other words, even if ! is non-degenerate, the map X → [Y → !(X, Y )] is injective but not surjective. This means
that there could be phase space observables O such that ωO is not of the form !(·, Y ) for any Hamiltonian vector field
Y [Chandrasekaran:2023vzb].

4 A simple proof of this is

Iω{O1,O2}
! = ω{O1, O2} = ωLωO1

O2 = LωO1
ωO2 = LωO1

IωO2
! = I[ωO1 ,ωO2 ]! (2.20)

6

The construction of GI observables inside  requires 
internal dressing

<latexit sha1_base64="flQ6CTIFCPLJWzRvi8IKy7mksuU="></latexit>

I

The dressing time                              

[Ciambelli-Leigh-LF, Wieland]

<latexit sha1_base64="IaNJu9pmWRhkLHilwKmxkGDfxCE="></latexit>

V : I → I = [0, 1]

2.4 Gauge-invariance and dressing
In order to construct quasi-localized gauge invariant observables with support inside I, let us now

introduce the dressing time V [Ciambelli_2024]. V → Di!+(I ↑ I) is an orientation preserving
di!eomorphism that maps the segment I = [v0, v1] into a reference interval I = [0, 1].

The dressing time is defined from the knowledge of ω by the di!erential equation

ε2
vV

εvV
= ω. (2.37)

Note that ω itself only determines V up to a"ne transformations V ↑ AV + B, but the edge mode
boundary conditions

V (va) = a, a = 0, 1. (2.38)

fix this ambiguity. V is explicitly given in terms of (ω, va) as

V (v) =
∫ v

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→

/ ∫ v1

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→ . (2.39)

One may readily derive that under a primed di!eomorphism the dressing time transforms as a scalar:

F ϑ V = V ↓ F, or infinitesimally ϖf V = fεvV. (2.40)

The inverse of the dressing time, which we denote X = V ↑1, is an ‘embedding field’ of the kind
described in [Donnelly:2016auv].

In terms of V , the stress tensor may be written

T = 1
2ϱ

ςεvV +
∑

i

(εvφi)2, (2.41)

where we have defined

ς = 1
4GN

εv

(
εv”
εvV

)
= 1

4GN
(εvV )↑1

(
ε2

v” ↔ ωεv”
)
. (2.42)

This field ς transforms under primed di!eomorphisms like a 1-form:

F ϑ ς = (εvF )ς ↓ F, or infinitesimally ϖf ς = εv(fς). (2.43)

It plays the role of the conjugate momentum to V , which can be most clearly seen by writing the
symplectic form in terms of V, ς . Integrating by parts, one finds

#I =
∫ v1

v0
dv

(
1

2ω ς ↗ ϖV +
∑

i

εvφi ↗ ϖφi

)
+ #εI , (2.44)

where
#εI = 1

8ϱGN

[
”εvϖV

εvV
↔

εv”
εvV

ϖV
]v1

v0
↔

∑

a

↼a (paϖva + ↽a(ϖ⇀̄a + ωaϖva)) . (2.45)

To evaluate the first term, we need to relate the value of the variation of V and its derivative at va in
terms of the edge mode variables. We have that va is the preimage of a while9

va = V ↑1(a), ⇀a = ln(εvV )(va). (2.46)

9 This is equivalent to the edge mode definition V
↑1(a) = a and ωa = → ln εv(V ↑1)(a), where X = V

↑1 plays the role of
the embedding field internal to I. With this data one can define ω(v) = ω0 +

∫ v

v0
ϑ which transforms as ϖf ω(v) = εvf + ϑf .

9

is such that 

1-Given V we can tread canonical variables for the spin 0 sector   
<latexit sha1_base64="lgeXFWSKptZyoEOz4xUC0fB8TWI="></latexit>

(!,ω) → (ε, V )

<latexit sha1_base64="hdqJm7xm3y5/QKV6B7CbjpYKAfQ="></latexit>

ω =
εv(εv!→ µ!)

8ϑG︸ ︷︷ ︸
spin 0 stress

<latexit sha1_base64="M3+K4SHfeMwT5VWIFR0vN5cZYQg="></latexit>

C = ω +
∑

i

(εvϑi)
2 = 0

<latexit sha1_base64="otS0OqGMlcUxqCPi8JGVOVnchHo="></latexit>

! =

∫

R
!ωε =

∫

R
ϑ
ωV

ϖvV



Dressing time II
The dressing time transform as a Goldstone mode under reparametrisation

2.4 Gauge-invariance and dressing
In order to construct quasi-localized gauge invariant observables with support inside I, let us now

introduce the dressing time V [Ciambelli_2024]. V → Di!+(I ↑ I) is an orientation preserving
di!eomorphism that maps the segment I = [v0, v1] into a reference interval I = [0, 1].

The dressing time is defined from the knowledge of ω by the di!erential equation

ε2
vV

εvV
= ω. (2.37)

Note that ω itself only determines V up to a"ne transformations V ↑ AV + B, but the edge mode
boundary conditions

V (va) = a, a = 0, 1. (2.38)

fix this ambiguity. V is explicitly given in terms of (ω, va) as

V (v) =
∫ v

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→

/ ∫ v1

v0
exp

(∫ v→

v0
ω(v→→) dv→→

)
dv→ . (2.39)

One may readily derive that under a primed di!eomorphism the dressing time transforms as a scalar:

F ϑ V = V ↓ F, or infinitesimally ϖf V = fεvV. (2.40)

The inverse of the dressing time, which we denote X = V ↑1, is an ‘embedding field’ of the kind
described in [Donnelly:2016auv].

In terms of V , the stress tensor may be written

T = 1
2ϱ

ςεvV +
∑

i

(εvφi)2, (2.41)

where we have defined

ς = 1
4GN

εv

(
εv”
εvV

)
= 1

4GN
(εvV )↑1

(
ε2

v” ↔ ωεv”
)
. (2.42)

This field ς transforms under primed di!eomorphisms like a 1-form:

F ϑ ς = (εvF )ς ↓ F, or infinitesimally ϖf ς = εv(fς). (2.43)

It plays the role of the conjugate momentum to V , which can be most clearly seen by writing the
symplectic form in terms of V, ς . Integrating by parts, one finds

#I =
∫ v1

v0
dv

(
1

2ω ς ↗ ϖV +
∑

i

εvφi ↗ ϖφi

)
+ #εI , (2.44)

where
#εI = 1

8ϱGN

[
”εvϖV

εvV
↔

εv”
εvV

ϖV
]v1

v0
↔

∑

a

↼a (paϖva + ↽a(ϖ⇀̄a + ωaϖva)) . (2.45)

To evaluate the first term, we need to relate the value of the variation of V and its derivative at va in
terms of the edge mode variables. We have that va is the preimage of a while9

va = V ↑1(a), ⇀a = ln(εvV )(va). (2.46)

9 This is equivalent to the edge mode definition V
↑1(a) = a and ωa = → ln εv(V ↑1)(a), where X = V

↑1 plays the role of
the embedding field internal to I. With this data one can define ω(v) = ω0 +

∫ v

v0
ϑ which transforms as ϖf ω(v) = εvf + ϑf .

9

Hence we can construct Gauge invariant observable by dressing 

<latexit sha1_base64="jZDuBHWWMzJ4I7c5SdjIbxHRE2E="></latexit>

ωfV = fεvV, ωfϑi = fεvϑi
<latexit sha1_base64="Rs18VboYhK4ntlQ8Pvu4TBe8LFc="></latexit>

X = V →1

<latexit sha1_base64="Rv1P+o3GDIVudKlkcchejXl+wIk="></latexit>

ω̃i = ωi →X

While 
<latexit sha1_base64="GebJKWl3pKLtGV3/IHRMfNMWGE4="></latexit>

ω̃ = (εvX)2(ω →X), is the canonical generator of reorientations 

<latexit sha1_base64="k+rYdj5BD5DONzLJeLkcr9p39XM="></latexit>

F → Di!(R)
<latexit sha1_base64="rUzRp0TB5zAJjiGH2xqNasCjie0="></latexit>

V → F (V )Its action change of the dressing frame values 
<latexit sha1_base64="afh6FUOWRtyrqoO9qgEX3CwVlMI="></latexit>ωi → ωiAnd leaves the field invariant

Gauge-invariant observables are 
<latexit sha1_base64="KlrI4cUWl2kDV+VBzxMxEUG5TAg="></latexit>

Õ[ω, V,ε] = O[ω̃ , ε̃i]

It defines the area operator
<latexit sha1_base64="mgG2ORwOTlCh6tblPkB8G8mjLsA="></latexit>

ω̃ = ε2
v!̃



Canonical Quantization

The canonical conjugate to V is 

We can straightforwardly quantize the fields to obey 

<latexit sha1_base64="Lldhm86usQcaHU7wf+AekIm1Dg4="></latexit>

!(v) =
ω

εvV

The dressing time commute with itself 
<latexit sha1_base64="1ndobE4l7fvo9zN+GCUwM/zMkLc="></latexit>

[V (v), V (v→)] = 0

<latexit sha1_base64="P6OICWtOYhc5SocQcmdFI8Ak/i4="></latexit>

[!(v), V (v→)] = →i⊋ω(v, v→) [εvϑi(v),ϑj(v
→)] = →ωij

i⊋
2
εvω(v, v

→)

With a vacuum state annihilated by positive frequency modes
<latexit sha1_base64="lHvtHUQpLH2dZ9RKye7QRjimdnM="></latexit>

P+!|0→ = P+V |0→ = P+ωi|0→ = 0

Beware that this kinematical quantization possesses negative norm states ! 

The challenge is to construct the gauge invariant Hilbert space and show that no 
negative norm state arises



Constraint Quantization

Which introduces a central charge.  It is infinite in QFT 
[Ciambelli-LF-Leigh’24]

<latexit sha1_base64="0zWmg5J8HVv8ozjXVbBPSw08XoM="></latexit>

cT = 2 +M

UV regularization due to QG molecularization makes it finite 

The quantization of the constraint require the choice of a normal ordering 
<latexit sha1_base64="XczY5yVOJZ3kU0XAxl69yOCZUaA="></latexit>

C → Ĉ :=: !ωvV : +
∑

i

: (ωvεi)
2 :

<latexit sha1_base64="Eh9J0a3Yd444z3RY0hWg+H1y8u0="></latexit>

Cf =

∫

R
fC

<latexit sha1_base64="VPgTBHEOxRs5NSwT+3cfxKurxsY="></latexit>

1

i⊋ [Cf , Cg] = C[f,g]W +
⊋c
48ω

∫

R
(εvfε

2
vg → εvgε

2
vf)

One needs to impose gauge invariance under this anomalous symmetry:

Solution: Find a nice (positive definite) representation of gauge invariant operators 



Covariant Quantization

Gauge invariant operators satisfy 

At the quantum level the generator of a gauge transformation associated 
with a diffeomorphism                                  is 

<latexit sha1_base64="lsYlEbPQd8abGSEpsf9RaQFW96E="></latexit>

F = exp(fωv)

<latexit sha1_base64="idd0SKbmrGEu2hiF0kgldyozmyQ="></latexit>

U [F ]OU
→1[F ] = O Unchanged by central charge

Linear operators             are gauge invariant.
<latexit sha1_base64="Bxgq/wkMXVwvfqtB4eSd8IOmIBA="></latexit>

(ω̃ , ε̃i)

However,  composite operators are not!  
<latexit sha1_base64="NSOCUh+lGkX2bKHIXdpADGnj8Pg="></latexit>

O =:O[ω̃ , ε̃i] :

<latexit sha1_base64="TJ5hO3ymmXn/DiwoZZD+W4KR3uY="></latexit>

U [F ] = exp

(
i

⊋Cf

)
= U0[F ]→ Urad[F ]



Covariant Quantization

Gauge invariant operators satisfy 

At the quantum level the generator of a gauge transformation associated 
with a diffeomorphism                                  is 

<latexit sha1_base64="lsYlEbPQd8abGSEpsf9RaQFW96E="></latexit>

F = exp(fωv)

<latexit sha1_base64="idd0SKbmrGEu2hiF0kgldyozmyQ="></latexit>

U [F ]OU
→1[F ] = O Unchanged by central charge

Linear operators             are gauge invariant.
<latexit sha1_base64="Bxgq/wkMXVwvfqtB4eSd8IOmIBA="></latexit>

(ω̃ , ε̃i)

However,  composite operators are not!  Why? 
<latexit sha1_base64="NSOCUh+lGkX2bKHIXdpADGnj8Pg="></latexit>

O =:O[ω̃ , ε̃i] :

<latexit sha1_base64="TJ5hO3ymmXn/DiwoZZD+W4KR3uY="></latexit>

U [F ] = exp

(
i

⊋Cf

)
= U0[F ]→ Urad[F ]



Covariant Quantization

Gauge invariant operators satisfy 

Its because normal ordering (NO) is not invariant under diffeomorphism

At the quantum level the generator of a gauge transformation associated 
with a diffeomorphism                                  is 

<latexit sha1_base64="lsYlEbPQd8abGSEpsf9RaQFW96E="></latexit>

F = exp(fωv)
<latexit sha1_base64="9yJXZ8710mLyGotVewY9ZoWvSYU="></latexit>

U [F ] = exp

(
i

⊋Cf

)
= U0[F ]Urad[F ]

<latexit sha1_base64="idd0SKbmrGEu2hiF0kgldyozmyQ="></latexit>

U [F ]OU
→1[F ] = O Unchanged by central charge

Linear operators             are gauge invariant.
<latexit sha1_base64="Bxgq/wkMXVwvfqtB4eSd8IOmIBA="></latexit>

(ω̃ , ε̃i)

However,  composite operators are not! 

It is a prescription for quantizing classical observables           that tells us to put positive frequency 
components              to the right,  negative frequency components           to the left. It depends on 
the choice of time hence

<latexit sha1_base64="GaAdw+TNdQL9hThNROVIVds4D2c="></latexit>

P+!
<latexit sha1_base64="QDhCbI+2DchMrHhpfGS8AqVE++o="></latexit>

P→!
<latexit sha1_base64="hejKxuF2NVzzrvT3QRqzgPc9YeY="></latexit>

U [F ] :O[!] : U→1[F ] →=:F ωO[!] :

This is an obstruction to simple quantization of gauge-invariant observables. 

<latexit sha1_base64="NSOCUh+lGkX2bKHIXdpADGnj8Pg="></latexit>

O =:O[ω̃ , ε̃i] :

<latexit sha1_base64="lo68bAUZ1Z5iyXyAs4UkxSZvOq0="></latexit>

O[!]



Covariant Normal ordering 

We have the covariance property of NO

For each background time coordinate          there is a different notion of normal
ordering defined using positive negative frequencies        with respect to   
(c.f. Minkowski time vs Rindler time, leads to Unruh effect)

<latexit sha1_base64="s54CZiUqKH4cSVEsEbWEfb6t9Rk="></latexit>

F (v)
<latexit sha1_base64="2IOmezFVPI9O08f5LLpn6X+MoWY="></latexit>

PF
±

<latexit sha1_base64="s54CZiUqKH4cSVEsEbWEfb6t9Rk="></latexit>

F (v)

<latexit sha1_base64="LLPfe+xHyJN9DtmGLcZ2CRwlY3g="></latexit>

U [F ] :O[!] : U→1[F ] =:F ωO[!] :F

Note that normal ordering is covariant in a background-dependent sense.

<latexit sha1_base64="KPGx8EFwIQEsWqfxo4z+RzRiU9U="></latexit>

U [F ] :Õ[!] : U→1[F ] =:Õ[!] :F →=:Õ[!] :

C



Covariant Normal ordering 

For radiative fields we define 

Using the dressing time we can define a NO with respect to V as a correction of the naive 
normal ordering. This provides a covariant notion of NO ie a  background-independent one

<latexit sha1_base64="w3z3x/pBgWItmkF8nFckSRz7eVI="></latexit>

O
→ = Urad[V ] :O[ωi] : U

↑1
rad [V ]



Covariant Normal ordering 

For radiative fields we define 

Using the dressing time we can define a NO with respect to V as a correction of the naive 
normal ordering. This provides a covariant notion of NO ie a  background-independent one

<latexit sha1_base64="7PYAhKdyXKolSs9j5Rx7jyx/lLk="></latexit>

GV (u, v) := ln

(
V (u)→ V (v)

u→ v

)
Where Is a smooth operator.

<latexit sha1_base64="w3z3x/pBgWItmkF8nFckSRz7eVI="></latexit>

O
→ = Urad[V ] :O[ωi] : U

↑1
rad [V ]

we get

<latexit sha1_base64="J0lvxY2rZXX53GCo+9VNDl20UyU="></latexit>

O
ω =:exp

(∫
dudvGV (u, v)

ω

ωεi(u)

ω

ωεi(v)

)
O[εi] :



Covariant Normal ordering 

For radiative fields we define 

Using the dressing time we can define a NO with respect to V as a correction of the naive 
normal ordering. This provides a covariant notion of NO ie a  background-independent one

<latexit sha1_base64="7PYAhKdyXKolSs9j5Rx7jyx/lLk="></latexit>

GV (u, v) := ln

(
V (u)→ V (v)

u→ v

)
Where Is a smooth operator.

This construction which generalizes to spin zero operator is such that 

Schwarzian derivative

And 
<latexit sha1_base64="sVOovFwWLwdApnNCaAfxWtGR9BU="></latexit>

U [F ]Õω
U

→1[F ] = Õ
ω when 

<latexit sha1_base64="ixlC2Oef8u5e4hwiOXzlOw1iwrc="></latexit>

Õ[!] is GI

<latexit sha1_base64="w3z3x/pBgWItmkF8nFckSRz7eVI="></latexit>

O
→ = Urad[V ] :O[ωi] : U

↑1
rad [V ]

we get

<latexit sha1_base64="KJhswH0EwOB4t1ZWRhYmo9ssSdM="></latexit>

T ω
rad = Trad +

⊋M
24ω

{V, v}

<latexit sha1_base64="J0lvxY2rZXX53GCo+9VNDl20UyU="></latexit>

O
ω =:exp

(∫
dudvGV (u, v)

ω

ωεi(u)

ω

ωεi(v)

)
O[εi] :



Covariant Normal ordering 

Given a classical kinematical observable 

The covariant normal order provides a way to dress Kinematical observable.

We can construct a gauge-fixed observable

<latexit sha1_base64="UOYF8HJ+m+UWN0hsgk2KEhaj7qM="></latexit>

OK [V,!,ωi]

<latexit sha1_base64="MvcbaY30EB/YouMTCfFXIxe1+d0="></latexit>

O[!,ωi] = OK [v,!,ωi]

At the quantum level we can construct  two quantum observables  
<latexit sha1_base64="j7TMlAXQoNMjsF+hH5I1QAU/Sxc="></latexit>

O =:O[!,ωi] :

And a gauge invariant observable   
<latexit sha1_base64="l0MaXdJCFNL/1C2NOt6+/3KR848="></latexit>

Õ[!] = O[ω̃ , ε̃i]

and 

To construct gauge-invariant observables in the classical theory one can use ‘dressing’, which means
employing some of the fields as dynamical coordinates relative to which one measures other fields. The
resulting observables are known as dressed observables. In [LocalizationAnomalous], we described
how the full set of gauge-invariant classical observables on the null ray segment I can be obtained as
observables dressed to the dressing time V . These include the dressed radiative fields ω̃i, defined as the
pushforward of ωi through V :

ω̃i = ωi → X, (3.1)

and the dressed area element !̃, defined similarly:

!̃ = ! → X. (3.2)

Here and in the rest of the paper X = V →1. Classically, these fields are gauge-invariant due to the
dressing, because under a reparametrization X ↑ F →1 → X compensates for ωi ↑ ωi → F , ! ↑ ! → F .

We need to quantize these classical observables. Let’s first consider observables depending only on
ω̃i. The procedure is reasonably straightforward, because, unlike !, the radiative fields ωi commute
with the reference frame field V .

The simplest example is ω̃i itself. Since there are no ordering ambiguities or divergences it is simple
to see that one can directly promote ω̃i to a gauge-invariant quantum operator

U(F )ω̃iU(F )† = ω̃i. (3.3)

The situation is more nuanced when considering composite observables such as (ω̃i)2 since one needs to
use a renormalization procedure to get a well-defined quantum operator. Usually this renormalization
is done with normal ordering. Expand, whats wrong with just taking Weyl order, ie schrodinger
quantization. where the two point function is purely skew-symmetric. The ordinary normal ordering

•
• (ω̃i)2 •

• = ((P+ωi) → X)2 + ((P→ωi) → X)2 + 2((P→ωi) → X)((P+ωi) → X). (3.4)

is not suitable, because5

U [F ]•
• (ω̃i)2 •

•U [F ]† = •
• (ω̃i)2 •

• + ⊋

4ε
ln

(
ϑvF →1

)
→ X, (3.7)

so gauge-invariance is not maintained. To account for this, one can introduce an additional quantum
correction term that depends on the dressing time as follows:

ω
ω(ω̃i)2 ω

ω := •
• (ω̃i)2 •

• ↓ ⊋

4ε
ln ϑvX. (3.8)

Õ↑ = ω
ωÕ[ϖ̃, ω̃i]ω

ω = D(O) (3.9)

One may check that
U [F ]ω

ω(ω̃i)2 ω
ωU [F ]† = ω

ω(ω̃i)2 ω
ω, (3.10)

5 The most e!cient way to show this is to consider

•
• ω̃i(u)ω̃i(v) •

• = ω̃i(u)ω̃i(v) → [(P+ωi)(X(u)), ωi(X(v))] = ⊋

4ε
ln(X(u) → X(v) → iϑ), (3.5)

which satisfies

U [F ]•
• ω̃i(u)ω̃i(v) •

•U [F ]† → •
• ω̃i(u)ω̃i(v) •

• = ⊋

4ε
ln

(
F

→1(X(u)) → F
→1(X(v))

X(u) → X(v)

)
. (3.6)

One recovers (3.7) in the limit u ↑ v.

10

Dressed operators

If O is purely radiative then the dressing map is an algebra morphism  
<latexit sha1_base64="WLj5E1Riq1EeuBZo0iSBriPGEqk="></latexit>

D(Orad)D(O→
rad) = D(OradO

→
rad)



Covariant Normal ordering 

Given a classical observable 

The covariant normal order provides a way to dress Kinematical observable.

We can construct a gauge-fixed observable
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OK [V,!,ωi]
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O[!,ωi] = OK [v,!,ωi]

At the quantum level we can construct  two quantum observables  
<latexit sha1_base64="j7TMlAXQoNMjsF+hH5I1QAU/Sxc="></latexit>

O =:O[!,ωi] :

And a gauge invariant observable   
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• = ((P+ωi) → X)2 + ((P→ωi) → X)2 + 2((P→ωi) → X)((P+ωi) → X). (3.4)

is not suitable, because5
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• (ω̃i)2 •

•U [F ]† = •
• (ω̃i)2 •

• + ⊋

4ε
ln

(
ϑvF →1

)
→ X, (3.7)

so gauge-invariance is not maintained. To account for this, one can introduce an additional quantum
correction term that depends on the dressing time as follows:
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ω(ω̃i)2 ω

ω := •
• (ω̃i)2 •

• ↓ ⊋
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ln ϑvX. (3.8)

Õ↑ = ω
ωÕ[ϖ̃, ω̃i]ω

ω = D(O) (3.9)

One may check that
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ω(ω̃i)2 ω
ω, (3.10)

5 The most e!cient way to show this is to consider

•
• ω̃i(u)ω̃i(v) •

• = ω̃i(u)ω̃i(v) → [(P+ωi)(X(u)), ωi(X(v))] = ⊋

4ε
ln(X(u) → X(v) → iϑ), (3.5)

which satisfies

U [F ]•
• ω̃i(u)ω̃i(v) •

•U [F ]† → •
• ω̃i(u)ω̃i(v) •

• = ⊋

4ε
ln

(
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→1(X(u)) → F
→1(X(v))
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One recovers (3.7) in the limit u ↑ v.

10

Dressed operators

In general we have a cross product  algebra  
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[ω̃(u), D(Orad)] = →D([Trad(u), Orad]



Three Diff(R) representations
Classical 
generator

Action
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C
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ω̃
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C̃

Reparametrization

Symmetry

Reorientations

Dressed reparametrization

<latexit sha1_base64="Ds43/1o9KWwPlaP1U0qtvlupIZ8="></latexit>

ωfV = fεvV, ωfϑi = fεvϑi



Three Diff(R) representations
Classical 
generator

Action
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C̃

Reparametrization

Symmetry

Reorientations

Dressed reparametrization
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ωgV = g → V, ωgεi = 0
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ωfV = fεvV, ωfϑi = fεvϑi

Symmetry/Gauge



Three Diff(R) representations
Classical 
generator

Action
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C̃ = ω̃ +
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i

(εvϑ̃i)
2

Reparametrization

Symmetry/Gauge

Reorientations

Dressed reparametrization
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ωgV = g → V, ωgεi = 0
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ωf̃εi = → (f̃ ↑ V )

ϑvV
ϑvεi
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ωf̃V = f̃ → V
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Three Diff(R) representations
Classical 
generator

Quantum 
generator Central charge
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Symmetry/Gauge



Three Diff(R) representations

We can shift the central charges by the addition of a classical counterterm.

Classical 
generator

Quantum 
generator Central charge
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And impose no quantum anomalies at the price of having a classical one
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c = 2 +M+ccl
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c̃ = 24→M→ccl

Reparametrization

Symmetry

Reorientations

Dressed reparametrization
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LF-Kirklin ‘25



Physical Hilbert space
Implies no quantum anomalies
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c̃ = 0, cω = M, c = 26 +M

We can then construct a nice representation of the gauge-invariant operators.
The physical Hilbert space  when             is just a Fock space for the 
covariant radiative fields time the edge mode Hilbert space 
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Hphys = Hrad →Hedge
<latexit sha1_base64="F9pcLx0JnMOevFD25abdEuZGvQA="></latexit>

Hedge = L2(R2)

The gauge invariant algebra is a Cross-product 
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AG = VirM ⊋Arad



Conclusions
We have described Quantum Gauge invariant observables  and their localization, both 
requires the choice of a quantum dressing map. Here the dressing time.  The proper 
quantization of GI observables requires a notion of covariant normal ordering.

The dressing time is preferred from entropic consideration. Its the only time for 
which the boost charge 

The presence of the central charge for frame reorientations creates new fluctuations 
between different time framed vacua proportional to 1/c 
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→F, F →↑ = e↑cS(F,F →)
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F = exp(fωv)
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S := !→ V ωV ! satisfy the second law 
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ωV S → 0

Still it would be interesting to understand the role of different choice of time: affine, 
conformal, areal and in what precise way the dressing time is optimal, ie does it 
minimizes fluctuations? 

Are these extra vacuum fluctuations observables in principle in interferometry noise 
experiments. Carney et al. ’25, LF-Oberfrank ‘26

LF-Leigh-Ciambelli ‘23



Questions
The dressing time is preferred from entropic consideration. Its the only time for 
which the boost charge 

The presence of the central charge for frame reorientations creates new fluctuations 
between different time framed vacua proportional to 1/c 
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Still it would be interesting to understand the role of different choice of time: affine, 
conformal, areal and in what precise way the dressing time is optimal, ie does it 
minimizes fluctuations? 

Are these extra vacuum fluctuations observables in principle in interferometry noise 
experiments. Carney et al. ’25, LF-Oberfrank ‘26

LF-Leigh-Ciambelli ‘23

How does the QRF construction given here compares with the usual BRS approach 
of dealing with constraints Porratti-Grassi’25








