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Foundations of Quantum Theory

The main goal is to identify

( Quantumness )

Quantumness = features specific to quantum theory, independent of
particular physical implementations

o Inside approach: Study operational limitations assuming quantum
theory is correct

@ QOutside approach: Characterize quantum theory within the broader
framework of operational theories
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99 Years Ago

Heisenberg argued that position and momentum cannot be measured
simultaneously.

@ A heuristic argument based on a thought experiment

o No precise definitions of “error’ and “disturbancé’/VV\/ 8

AX
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The “Proof” That Followed

One year later, E. H. Kennard showed

(Aq)jy) - (AP)jy) = Z
What do (Aq)y) and (Ap)jy) mean?
Position measurement Momentum measurement
o B | o P -
Many samples (Ag)ju Many samples -

(Ap)w))
Standard deviation
@ This is not about simultaneous measurements
@ It concerns two individual measurements

@ Message: No quantum state yields definite outcomes for both
position and momentum
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Inevitable Probability

In quantum theory, measurement outcomes are probabilistic.
Is this probabilistic nature the essence of quantumness?

In statistical physics:

b* — 2 H(x.p)
. DS Partial knowledge is available D)= e
L L poep) =

Probability distribution
1023 molecules

@ Statistical physics: Incomplete knowledge of underlying
parameters

@ Quantum physics: No access to underlying deterministic
parameters

Is this the essential difference?
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Bell’s Inequality (CHSH)

Xo, X1, Yo, Y1: dichotomic devices (outcomes taking values +1)

Xo %( Yo

X
! Very Yi

distant
Alice Bob

Alice measures X,
Bob measures Y, : Com = (V| Xy ® Yin|V)  (correlation)

K := Coo + Co1 + Cip — C11 <2 (if governed by hidden parameters)

However, quantum theory allows K =2v/2 > 2
The probability is not due to ignorance of hidden parameters
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What Have We Learned?

In quantum theory, outcomes are probabilistic

This probability is not due to ignorance of hidden parameters

It is dangerous to use terms like “true outcome value”.

The probability itself is outcome.

If probabilities are fundamental, what, then, is a proper definition of “joint
measurement” of observables?
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Observable

State: preparation procedure of a physical system
Observable: measurement procedure

Outcome: probability distribution of measurement results

An observable is a map that assigns a probability distribution to each state.
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servable

State: preparation procedure
Observable: measurement device
Outcome: probability distribution

space of probability

state space pabs Yl
distributions

An observable maps states to probability distributions.
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Observable as a Map

State space: the set of all density operators on H

S(H) =A{p|tr[p] =1, p =0}

An observable must respect convex mixtures:

p1 = {Ppy(x)}xe
p2 = {sz(x)}xeﬂ
= pp1+ (L= p)p2 = {PPpi(x) + (1 = p)Pp,(x) bxen

Such map is represented by a positive-operator-valued measure (POVM)
A = {A(x)}xe

e A(x)>0

0 Y qAX) =1 p = Pp(x) = tr[pA(x)].
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Joint measurement (a possible definition)

An observable is an affine map from the state space to outcome space.

Definition 1

A pair of observables A = {A(x)}xecq, and B = {B(y)}q, is jointly
(simultaneously) measurable, compatible

4 There exists an observable M = {M(x, y)}(x,,)eq, xq, such that for
any p € S(H) and x € Q3 and y € Qy,

> tlpMx,y)] = trpA(X)], Y trlpM(X, )] = tr[pB(y)].

y'€Q x'e

o - il Eﬂﬂl
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Existence of compatible observables

Let A and B satisfy
[A(x), B(y)] =0 forall x,y
M = {M(x, y)} defined by M(x,y) = A(x)B(y) is a joint observable of A

and B.
(There are many other compatible pairs.)

How about incompatible pairs?
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Incompatible pairs through CHSH

Xo, X1, Yo, Y1: dichotomic devices (outcomes taking values +1)

Xo Y Yo

X
! Very Y:

distant

Alice Bob

Alice measures X,

Bob measures Y,, @ Cnm = (W[Xn @ Yi|W) (correlation)

K:=Cypo+ Co1 + CGog— Gi1 >2

Takayuki Miyadera (Meiji Gakuin) Quantum Incompatibility March, 2026



Incompatible pairs through CHSH

Game:

(i) Alice randomly chooses Xy or Xj and performs the measurement of
chosen observable.

(i) Bob guesses the choice of Alice (Xp or Xi)

Bob's strategy: (assuming that Y; and Y; are compatible with a joint
observable M = {M(x,y)})

(a) Bob measures M.

(b) If the outcome (x,y) is x = y, Bob guesses Alice's choice as Xp.
If the outcome (x,y) is x # y, Bob guesses Alice’s choice as X;.

Then success probability is

PSUCCGSS >

It violates causality! Yp and Y; are incompatible
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servable

State: preparation procedure
Observable: measurement device
Outcome: probability distribution

space of probability

state space pabs Yl
distributions

An observable maps states to probability distributions.
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Channel

State: preparation procedure
Channel: Dynamics

state space state space

A quantum channel maps quantum states to quantum states.
A:S(H)— S(K)

affine and extendable to composite system (Trace-preserving CP map).
An observable is a kind of a channel such that its output states are always
diagonal. (Output state space is a state space on an Abelian algebra)
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(In)compatibility

Definition 2

A pair of channels A; : S(H) — S(K1) and Ay : S(H) — S(K») is
compatible
& There exists a channel A : S(H) — S(K1) ® S(K2) such that for all p,

tric,(M(p) = Ma(p),  trics (A(p)) = Aa(p)-

3 st coincides with A;

coincides with Ay
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(In)compatibility

Definition 3

A channel A1 : S(H) — S(K1) and an observable A = {A(x)}xeq is
compatible

< There exists a generalized channel (called an instrument)

A:S(H) — S(K1) ® P(2) (which maps p to a family of subnormalized
states {A«(p) }xeq. i-e., Ax(p) > 0 for each x € Q) such that for all p,

D Alp) = Mlp),  triey (Ax(p)) = trlpAx)]-
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@ Now that we have defined the incompatibility.

Some natural questions arise.
@ Which sets of operations (channels, observables) are (in)compatible?
o Necessary and sufficient conditions are not known.
@ How can we test the incompatibility?

e How can we confirm that there is no joint channel?
o Do we need all states to test compatibility?
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Example: Observable-Observable

A qubit:

Ay = o = {1}, | = 1)(-1]}, Az = ox = {[-H)(+].[-) (-]}
A1 and A, are incompatible.

noise-added (coarse grained) observable

(

\
|
- L

Post processing: coarse graining
1-p : noise strength

But if you add noise, they become compatible.
(2pz — 1)2 + (2px — 1)2 <1

One is not very noisy (i.e., informative), then another must be very noisy
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Example: Channel-Channel

A qubit:
Ai(p) = p, quad Ax(p) = p
A1 and A; are incompatible: No-cloning theorem

o @ o @0
A2 ﬁ

Post processing: channel
1-p: strength of noise

pi+ps+(1—p—p) <1

AP(p) = pp+(1—p)}
One is not very noisy (i.e., informative), then another must be very noisy
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Noise-Information tradeoff

Suppose that Ay (channel or observable) and Ay (channel or observable)
are compatible.

[If A1 is “informative”, then Ay is inevitably “noisy” ]

Can we understand this property without introducing any quantitative
measure?
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Order-relation

We consider compatibility between observables and channels.

If an observable A is “informative”, then a channel A compatible with
A is inevitably “noisy”

“Informative” without introducing quantitative measure
-9 - ==
A B ﬁ

Post processing: coarse graining

B is more informativethan A & A=<B

= is a preorder on the observable space
e A<XA
e A=<XB, B=<C=A=C
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Order-relation

We consider compatibility between observables and channels.

If an observable A is “informative”, then a channel A compatible with
A is inevitably “noisy”

The notion “noisy” without introducing quantitative measure
Ay Ay 1
Post processing: channel

A1 is noisier than Ay, & A =< Ay

= is a preorder on the channel space
e A=A
o A1 2N, Ap 2 A3 = A= A3
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Qualitative noise-information tradeoff

Theorem
A=<B & CA D CR & A S \y
______________ ~
< K LN less
\Informative , AA . ~ disturbing
\ e ’ N
\ ’ >
\ 7
\ / 7’ N
AY 7 ’
_\\ /I : : “ 2
Noisy \\ /
\ /
N7
\Y4
disturbing
Observable space Channel space

@ €p has a maximal element Ax.

@ A more informative observable is compatible only with noisier channels

@ An observable is characterized by the set of all channels compatible
with it.
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Qualitative noise-information tradeoff

Theorem
A=<B ~ Q:A D) Q:B <~ /\B S /\A

______________ ,\
\ / ,0NL less

Informatlve

,l P

\/

AA L ‘dlsturbing

N0|sy \

disturbing
Observable space Channel space

@ To obtain a quantitative trade-off relation, it sufficies to examine the
noisiness of A,.

@ The proof is based on Stinespring representation and its
Radon-Nikodym theorem.

A is compatible with A < A*(X) = V*(X @7 Y(x))V, Y = {Y(x)}> POV
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@ Now we have defined the incompatibility.

@ We know that there exist incompatible pairs of operations
(observable, channel).

Some natural questions arise.
@ Which sets of operations (channels, observables) are (in)compatible?
o Necessary and sufficient conditions are not known.
@ How can we test the incompatibility?

e How can we confirm that there is no joint channel?
o Do we need all states to test compatibility?
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Incompatibility test

@ How can we test the incompatibility?

e How can we confirm that there is no joint channel?
e Do we need all states to test compatibility?

CHSH test:
K=Co+Cn+GCo+C1>2 = incompatible

There exists a test that does not need all states.

The structure behind this test is the convexity.
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Convexity

Probabilistic mixture of two observables

. m o<
A B

This is also an observable.
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Convexity

Probabilistic mixture of two channels

B
A

po1+ (1 — p)os
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Probabilistic mixture of two operations (observables, channels)

The set of all observables (channels) is closed under convex combinations
(i.e., it forms a convex set).
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Convexity

Probabilistic mixture of two operations

pAL+(1-p)By

p(Ar, A2) + (1 = p)(Bi, B2) = (pAyr + (1 — p) B1,pA2 + (1 — p) B2)

The set of all “ pairs of observables (channels) ” is also closed under
convex combinations (convex set, direct sum . O@ O, €D
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If (A1, Az) is compatible and (B, B) is also compatible

= p(A1, A2) + (1 — p)(B1, B2) = (pA1 + (1 — p)B1, pA2 + (1 — p) B2) is
also compatible
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Convexity

The set of compatible pairs of operations forms a convex subset.

The set of all pairs

Compatible pairs
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Z = (21, 2») - an incompatible pair of operations

The set of all pairs

Compatible pairs
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Z = (Z1,2>) . an incompatible pair of operations

The set of all pairs

(21, 25)

hyperplane

Compatible pairs

There exists a hyperplane separating Z from the set of compatible pairs.
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Z =(Z1,22) . an incompatible pair of operations

The set of all pairs

(21, 25)

hyperplane

Compatible pairs

3¢:€aC— R Hyperplane= {X| {(X) = 0}.
(Y

§(pX + (1= p)Y) = p&(X) + (1 = p)&(Y)
&(X) < 0 for compatible X, &(Z) > 0.
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Witness is associated with a game

Operational realization of £ : €H € — R

We treat observable-observable case.

Prior information game: Q = Q; U Qo, where Q1 = {(x,1)| x € X1},

Q= {(y,2)| VAS X2}. Bob has A; = {AI(X)}xexl and

Az = {A2(X) }xex,-

(i) Alice chooses z = (x, i) € Q with probability p(z) = p(x, i) and sends
ox,i to Bob. (Denote py; = p(x, i)ox.i.)

(ii) Alice informs Bob of i, which indicates from which subset the element
was chosen.

(iii) Bob measures the observable A; corresponding to i and guesses x.

olo])
"ol N

*.F%lz
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Witness is associated with a game

Prior information game: Q = Q; U Qy, where Q; = {(x,1)| x € X1},
QD ={(y,2)l y € Xo}.
(i) Alice chooses z = (x, i) € Q with probability p(z) = p(x, i) and sends
ox,i to Bob. (Denote p,; = p(x,i)ox,i.)
(ii) Alice informs Bob of i, which indicates from which subset the element
was chosen.
(iii) Bob measures the observable A; corresponding to i and guesses x.

Psuccess({px,i}, A Z Ztr[px iA(X)]
|
"

30 © "
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Witness is associated with a game

Post information game:
(i) Alice chooses z = (x, i) € Q with probability p(z) = p(x, ) and sends
ox,i to Bob.
(ii") Bob measures a single observable G = {G(x, y)} which is a joint
measurement of compatible pair B = {By, By }.

(iii") Alice informs Bob of i, which indicates from which subset the element
was chosen.

(iv') From the measurement outcome (x,y) in (ii") and the value of i, Bob
guesses (x, ).

Psuccess {px I} Z Ztr[,OX, i X , Be&eC compatible
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Witness is associated with a game

Theorem
Any witness £ can be written as

f(A) = a(Psuccess({Px,i}aA) — ﬁ) + 67

where
o {px,i} is a family of states.

® Psyccess({px,i}, A) is the guessing probability in a
prior-information game using A.

e a >0, 3, and J are constants.

@ (3 is the maximal guessing probability in the
posterior-information game:

B = maxg. compatible Psuccess({px,i}, B).
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@ For any incompatible pair of observables Ag, there exists a witness
(hyperplane) & that takes £(Ag) > 0 and £(B) < 0 for all compatible
B.

@ Any witness can be realized by a prior-information game.

The set of all pairs

Aoy
-

hyperplane

Compatible pairs

@ For any incompatible pair Ag, there exists a test detecting Ag that
needs only finite numbers of states.
@ For every incompatible pair of operations, there exists a game in which

one gains an advantage precisely because of that incompatibility.
March, 2026
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Witness as a game

A qubit

Test detecting incompatibility between noisy o, and o

z i [— D=1

Az

X )+ =)= Ax

Every state is sent with probability 1/4.

[

€(Ax, Az) =, ((1]Az(1)]1) + (~1[Az(=1)| = 1)+
(

A1) + (—IAx()-) 1( 1)

_ — 1_’_7
2 V2
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Prior vs Post information

For any incompatible A, there exists a game specified by {px i} such
that

Psuccess({[)x,i}a A) > rl?eaé( Psuccess({px,i}y B)

For every incompatible pair of operations, there exists a game in which one
gains an advantage precisely because of that incompatibility.
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To what extent the prior information strategy is better

Paul Skrzypczyk, lvan Supic, and Daniel Cavalcanti (2019)
For any pair of (incompatible) observables A = {A;1, A2},

success( {pX l}) =1+ s(A),

max
{px,i} MaXe. :compatible success( ) {px,i})

where s(A) is incompatibility robustness.
s(A) > 0 < A is incompatible s(A) = 0 < A is compatible

The stronger the incompatibility A is, the better the prior information
strategy is.
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A glance at Outside approach

we consider a broad framework that includes both quantum theory and
classical theory as special cases.

state space

space of probability
= arbitrary convex set

distributions

General Probabilistic Theory

o Classical theory: State space = probability distributions (=simplex)
@ Quantum theory: State space = S(H)

@ Hypothetical theory: State space = any other convex set
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A glance at Outside approach

we consider a broad framework that includes both quantum theory and
classical theory as special cases.

. poor theory

Classical theory
()

Quantum
Theory

gorgeous
theory

@ every theory except classical theory contains incompatible pairs of
operations.

@ Incompatibility is not specific to the quantum theory.
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State discrimination game and the quantum bound

How can we characterize the quantum theory?

R poor theory

Classical theory
()

Quantum
Theory

(]
gorgeous

theory
@ Quantum theory has incompatible pairs
@ The quantum incompatibility is not maximally strong
o PLictess(A) is relevant with the strength

Do we have any quantum-specific bound on Psyccess({px,i}, A)?
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State discrimination game and the quantum bound

We consider prior-information game in which states {p, ;} are chosen

following a specific rule. ] o
i = 1. Discriminate o, and oy

using Az
i = 2: Discriminate op. and o4,
using Ao

i =1,2 is chosen randomly

state space

1
Psuccess({ﬂx,i}, A) = 5 (tr[aabAl(ab)] + tl’[O’CdAl(Cd)] + tl’[(TbCAQ(bC)] + tl’[O’daAz(da
< ! + ! < 1 + 1 device-independent bound
— _— - Vice-| u
T2 U 4NALA) T2 22 P

This inequality connects Pgyccess({px,i}, A) with A(A1, A2) the strenght of
incompatibility of A = {A1, Az}
The inequality is violated by super-quantum theory.
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Loose end ...

Why incompatibility matters?
@ Uncertainty relation
@ No-cloning theorem
@ Quantum cryptography (not mentioned)
@ Broad framework (beyond quantum theory)
In this talk:
@ Definition of incompatibility (operations as maps)
@ Noise-information relation
@ Witness, how to detect incompatibility

Future dream

o Natural characterization (derivation) of quantum theory based on
incompatibility

o | would be very happy if there could be fruitful interaction with other
fields of physics!
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