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Aim of the work

Small-x resummed splitting functions in MS scheme
at subleading log x level within RGI approach

Relation between MS-schemes (used in fixed order)
and Q0-scheme (natural in k-factorisation for small-x
resummation)

Outline
Recall k-factorisation and BFKL equation

Generalisation to arbitrary space-time dimension D = 4 + 2ε

Solution of the equation

MS vs. Q0 scheme change

Generalisation to subleading level

Numerical results

Quark-gluon mixing

Numerical results

Conclusions

Dimitri Colferai Resummations and factorisation schemes DIS 2006 Tsukuba, 21 April 2006 – p.2/10



Recalling k-factorisation andQ0-scheme

k-factorisation
Structure functions in moment space N−1 ≡ ω ∼ αs � 1

Fi,ω(Q2) =

∫
d2k hi,ω(Q2,k)Fω(k)

Unintegrated gluon density determined by BFKL equation

Fω(k) = F (0)
ω (k) +

1

ω

∫
dk′2 K(k,k′)Fω(k′)

Q0-scheme: off-shell initial condition

F (0)
ω (k) = δ2(k −Q0)

gω(Q2) =
∫

d2k Θ(Q2 − k2)Fω(k)

qω(Q2) =
∫

d2k Hω(Q2,k)Fω(k) e.g., Hω = h2,ω ⇒ DIS-subscheme

Remark: Q0 anomalous dimensions are finite in the on-shell limit Q0 → 0
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MS↔ Q0 relation (gluon)

Solve BFKL equation in D = 4 + 2ε with γ-representation

Factorise 1/ε singularities

Fω(k) =

∫
dγ√
2πε

1

γ

(
k2

µ2

)ε
exp

{
1

ε

∫ γ

0

log
αs

ω
χ(γ′, ε)dγ′ − 1

2
logχ(γ, ε) +O (ε)

}

s.p.
=

exp{
∫ γ̄

0
χ1/χ0}

γ̄
√
−χ′0(γ̄)

exp





1

ε

∫ αs
ω

“
Q2

µ2

”ε

0

da

a
γ̄(a)





χ(γ, ε) = χ0(γ) + εχ1(γ) · · ·
1 = αs

ω

(
Q2

µ2

)ε
χ0(γ̄)

≡ R
(
γ̄
(αs(Q

2)

ω

))
g(MS)
ω (Q2)

Anomalous dimensions

γ(MS) = γ(Q0) + β0αs
∂ logR

∂ logαs
+ NLLx

Pomeron singularity in γ̄ for ω < 4 log(2)αs ; NLx hierarchy unstable
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Scheme change resummation

Leading Pomeron singularities
⇒ small-x resummation required for the scheme change too
This can be achieved by implementing the scheme-change . . .

in k-factorised form

g(MS)
ω (Q2) = g(Q0)

ω (Q2)
/
R
(
γ̄
(
αs(Q

2), ω
))

=

∫
d2k

k2 ρω(Q2/k2)Fω(k) =

∫
dγ

2πi

(
Q2

µ2

)γ
ρ̃ω(γ)F̃ω(γ)

Consistency at LLx ρ̃0(γ) = 1/γR(γ)

ρ(Q2/k2) =

∫
dγ

2πi

(
Q2

k2

)γ
1

γ R(γ)

If Fω(k) is computed in the RGI approach,
-4 -2 0 2 4 6

Τ = log Q2 �k2

-1

-0.5

0

0.5

1

Ρ
exact HnumericL
analytic HΤ ® -¥L

the effective anomalous dimension γeff is much smoother than γ̄LLx
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Resummed gluon density

Valence-like initial condition F(x,k) = Ax0.5(1− x)5 δ(k− k0) , (k2
0 = 0.55 GeV2)

not fine-tuned to get good agreement at large x. (A⇒ momentum sum rule = 1/2)
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Difference between MS and Q0 is modest compared to that between CTEQ and MRST

No tendency for the MS gluon to go negative (despite large oscillations of ρ)
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Resummed gluon splitting function

Reliable only for x . 10−1 (ω-dependence of scheme change is important at finite x)

xP
gg

(x
)

x

MSbar scheme
Q0 scheme
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2) = 0.182

Splitting function more sensitive to the scheme change than the density itself

At low Q2 scheme difference (NLx) within renormalisation scale uncertainty (NNLx);
the latter decreases more rapidly as Q2 is increased

At large Q2 the effect of factorisation scheme change is not negligible
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Quark-Gluon mixing (approx)
In a generic p-scheme q

(p)
ω (Q2, ε) = αs(Q

2)

Z
d2+2εk H(p)

“Q2

k2
, ε
”
Fω(k, ε)

k

H

F

Q

The residue of the characteristic function H(γ, ε) at the collinear pole γ = −ε is universal

H(ε) =

"
TR

2π

2

3

1 + ε

(1 + 2ε)(1 + 2
3
ε)

#"
eεψ(1)Γ2(1 + ε)Γ(1− ε)

Γ(1 + 2ε)

#
≡ Hrat(ε)Htran(ε) .

Define the transcendental coefficients Tn:
P∞
n=0(−ε)nTn

“
αs
ω

”
≡ Htran(ε)R

“
αs
ω
, ε
”

γ
(MS)
qg (αs, ω) = αsH

rat

„
− γ0

“αs

ω

” 1

1 + ∂logαs

« ∞X

n=0

„
γ0

“αs

ω

” 1

1 + ∂logαs

«n
Tn
“αs

ω

”
,

Rational approximation: Neglect transcendental coefficients (they start at relative O
`
γ3
´
)

γ
(MS)
qg

˛̨
˛
rat

=
αsTR

4π

„
e2 ᾱs

ω +
1

3
e

2
3
ᾱs
ω

«

Interpretation in k-factorised form:
dq

(MS)
rat

d logQ2
= αs(Q

2)

Z
d2k H

(MS)
rat

“Q2

k2

”
Fω(k)

with characteristic function H
(MS)
rat (γ) =

αsTR

4π

1

γ

„
e2γ +

1

3
e

2
3
γ

«
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Quark splitting function (approx)
Proper comparison only for x . 10−1 (finite-x PT terms not included)
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resummation effects are sizeable even around x ∼ 10−3

and somewhat larger than the gluonic ones

resummation effects much smaller than pure NLx ones
(confirm that resummed gluon anomalous dimension is pretty small)

transcendental corrections are small (smaller than in pure NLx case)
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Conclusions

We have proposed a k-factorised form of the Q0 → MS
scheme-change which allows a convergent leading
log(x) hierarchy, because of the smoothness of the
resummed anomalous dimension

The gluon density is rather insensitive to the
scheme-change, while its splitting function is somewhat
sensitive.

Resummation effects for the MS quark are more
important, but much smaller than those at NLx level.

The scheme-change can be calculated in a reliable way in a
fully (matrix) resummed approach as well
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