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Contents

• By imposing the CEM assumptions on the NRQCD factorization
formulas for hadrons and for perturbative free quarks, we obtain
constraints on the NRQCD matrix elements.

• The constraints are at odds with phenomenological determina-
tions of the matrix elements and violate the NRQCD v-scaling
rules.

• Direct comparison of CEM and NRQCD predictions with the
CDF data for charmonium cross section at order α3

s (NLO 2 → 1
+ LO 2 → 2) is provided.

• Multiple gluon emission effect is studied using phenomenological
kT smearing model of Gaussian form.

• kT smearing is essential to obtain a reasonable pT spectrum in
the CEM. It is essential in NRQCD factorization in the P-wave
case, which is constrained by decay data.
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NRQCD Factorization Formalism

• NRQCD Factorization Formula

σ[AB → H +X ] =
∑
n

cABn (Λ)〈OH
n (Λ)〉.

• Cross section is expressed in a linear combination of long-distance
NRQCD matrix elements which are classified based on velocity
scaling rules. The series can be truncated at a given order in v.

OH
n = χ†κnψPH(Λ)ψ†κ′nχ,

PH(Λ) =
∑
X

|H +X〉〈H +X|.

• Short-distance coefficients cABn (Λ) are IR insensitive and pertur-
batively calculable.
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Color-evaporation Model(CEM)

• CEM formula for inclusive quarkonium production

σCEM[AB → H +X ] = FH

∫ 4m2
M

4m2
dm2

QQ̄

dσ

dm2
QQ̄

[AB → QQ̄ +X ],

•M is the lowest-lying meson containing a heavy quark Q.

• In the formula one sums over color and spin of the final-state
quarks.

• QQ̄ pair is assumed to neutralize its color by interaction.

• In some versions of the CEM, color neutralization process is also
assumed to randomize the spins of the Q and Q̄.

• The FH are constants that must be determined phenomenolog-
ically for each quarkonium state H.
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Available Theoretical Calculations

• Predictions including NLO 2 → 1 and LO 2 → 2 subprocesses.

– CEM: R. Vogt(2005) based on Mangano, Nason, Ridolfi,
NPB 405, 507 (1993).

– NRQCD: modified version of a code by Maltoni, Mangano,
Petrelli.

to be compared with the CDF data for charmonium production.

• NLO 2 → 1 contribution to dσ/dp2
T includes singular terms

∼ δ(p2
T ) and 1/p2

T , but but the integral of the cross section
from pT = 0 up to a given pT is well behaved. (The separate
integrals of the singularities are not well behaved.)

• Effects of soft-gluon emission make the curve smooth at low pT .

– We use a phenomenological kT smearing model.

– Proper way : include multiple gluon emission by resummation
of logarithmic corrections to all orders in αs.
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• The CEM calculations that we quote fix the parameters m and
FH by using the fixed-target data.

• In the kT -smeared CEM calculations that we quote, the amount
of kT smearing is adjusted to provide the best fit to the Tevatron
J/ψ data.

• In the kT -smeared NRQCD calculations, we do not adjust the
amount of kT smearing, but simply take the amount that was
used in the CEM calculations.
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What happens to NRQCD under CEM?

• If we assume CEM, NRQCD matrix elements are simplified.

〈OH
n 〉 =

1

2π2
FH

∫ kmax

0

k2dk 〈OQQ̄
n (k)〉.

OQQ̄
n (k) = χ†κnψ

∫
dΩk

4π

∑
spins

∑
colors

PQ(+k)Q̄(−k)

ψ†κ′nχ,

Above equations embody the CEM assumptions.

• Any NRQCD matrix element reduces into a single matrix el-
ement upto multiplicative scaling factors that are completely
determined.

〈OH
n 〉 =

3(2j + 1)

(2l + 1)(2l + 3)
Cnk

2l
max〈OH

1 (1S0)〉,

k2
max = m2

M −m2
c, C1 = 1, C8 = CF =

4

3
.
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What happens to NRQCD under CEM?

• The CEM assumptions violate the v-scaling rules of NRQCD.
Only powers of v that arise from covariant derivatives in oper-
ators are taken into account properly in the CEM.

TABLE I: Velocity-suppression factors for NRQCD matrix elements in S-wave and P -wave QQ̄

channels in NRQCD and in the CEM. The 1 or 8 indicates the color channel and 2s+1Lj indicates

the angular-momentum channel. For NRQCD, the v-suppression factors up to order v4 are given

for representative S-wave and P -wave multiplets. For the CEM, the orders of the v-suppression

factors are independent of the quarkonium state H, as is described in Sec. III.

1, 1S0 1, 3S1 8, 1S0 8, 3S1 1, 1P1 1, 3P0 1, 3P1 1, 3P2 8, 1P1 8, 3P0 8, 3P1 8, 3P2

NRQCD Factorization

ηc 1 v4 v3 v4

J/ψ 1 v3 v4 v4 v4 v4

hc v2 v2

χc0 v2 v2

χc1 v2 v2

χc2 v2 v2

Color-Evaporation Model

H 1 1 1 1 v2 v2 v2 v2 v2 v2 v2 v2

from the factorization formula for semi-inclusive production of a hadron in hadron-hadron
collisions. The existing all-orders proofs of factorization formulas require that the observed
scattered particle be produced at a large transverse momentum compared with the QCD
scale ΛQCD and that the cross section be sufficiently inclusive. “Sufficiently inclusive” means
that the variables in which the cross section is differential cannot assume values that restrict
final-state parton momenta in the parton-level cross section to be within order ΛQCD of soft
or collinear singularities.

The matrix elements in Eq. (1) fall into a hierarchy according to their scaling with the
velocity v of the heavy quark (or antiquark) in the quarkonium rest frame. v2 ≈ 0.3 for
charmonium, and v2 ≈ 0.1 for bottomonium. In practice, the summation over these matrix
elements is usually truncated at a low order in v. The NRQCD factorization formalism
has enjoyed a good deal of phenomenological success in describing inclusive quarkonium
production at hadron, ep, and e+e− colliders and in fixed-target experiments.2

A standard set of the NRQCD operators OH
n that appear naturally in cross sections that

are summed over the spin states of the quarkonium was introduced in Ref. [1]. They are
denoted by OH

1 (2s+1Lj) and OH
8 (2s+1Lj), where the subscript indicates the color state of the

QQ̄ pair (1 for singlet and 8 for octet), and the argument indicates the angular-momentum
state of the QQ̄ pair (s is the total spin quantum number, L = S, P, . . . indicates the
orbital-angular-momentum quantum number, and j is the total-angular-momentum quan-
tum number). There are implied sums over the spin states of the quarkonium H .

The velocity-scaling rules of NRQCD imply an intricate pattern of suppression factors
for the NRQCD matrix elements 〈OH

n 〉. The suppression factors, up to order v4 for S-wave
and P -wave QQ̄ channels, are given in Table I for the representative S-wave multiplet that
consists of the charmonium states ηc and J/ψ and for the representative P -wave charmonium
multiplet that consists of the charmonium states hc, χc0, χc1, and χc2.

2 See Ref. [4] for a recent summary of the phenomenology of quarkonium production.

5
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NRQCD ME for S-wave production

• In the S-wave charmonium (H = J/ψ, ψ(2S)) production at
the Tevatron with pT > 5 GeV, the most important NRQCD
ME are 〈OH

8 (3S1)〉 and

MH
r = (r/m2)〈OH

8 (3P0)〉 + 〈OH
8 (1S0)〉, r ≈ 3 (1)

• If we enforce the CEM assumptions, then the ratio of the two
ME’s differs from the predictions of NRQCD v-scaling.

RH =
MH

r

〈OH
8 (3S1)〉

∼ v0 � RH
CEM =

r

15

k2
max

m2
+

1

3
.

• Since 3S
(8)
1 is important at large pT and Mr is important at low

pT , in S-wave production we expect

σCEM < σNRQCD : at low pT
σCEM > σNRQCD : at large pT
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Comparison with phenomenological fits

TABLE II: Values of RJ/ψ, as defined in Eq. (18), in the NRQCD factorization approach and in the

CEM. The column labeled “RJ/ψ” gives phenomenological values of RJ/ψ from various extractions

of the NRQCD matrix elements from the CDF data [26]. The column labeled “Reference” gives the

reference for each extraction, and the column labeled “PDF” gives the parton distribution that was

used in the extraction. The headings “LO collinear factorization,” “parton-shower radiation,” and

“kT smearing” refer to the method that was used to compute the NRQCD factorization prediction.

The column labeled “R
J/ψ
CEM” gives the CEM ratios from Eq. (19) for the values of r and mc that

were used in the NRQCD extractions of RJ/ψ.

Reference PDF RJ/ψ R
J/ψ
CEM r mc (GeV) 〈kT 〉 (GeV)

LO collinear factorization

[27] MRS(D0) [28] 10 ± 4 0.44 3 1.48

CTEQ4L [29] 4.1 ± 1.2 +3.6
−1.3

[30] GRV-LO(94) [31] 3.5 ± 1.1 +1.6
−0.9 0.46 3.5 1.5

MRS(R2) [32] 7.8 ± 1.9 +8.0
−2.8

MRST-LO(98) [34] 20 ± 4
[33]

CTEQ5L [35] 17 ± 4
0.46 3.4 1.5

parton-shower radiation

CTEQ2L [36] 1.4 ± 0.3

[37] MRS(D0) [28] 1.9 ± 0.6 0.44 3 1.48

GRV-HO(94) [31] 0.49 ± 0.11

[38] CTEQ4M [29] 2.1 ± 0.8 0.45 3.5 1.55

kT smearing

5.7 ± 1.6 1.0
[39] CTEQ4M [29]

2.6 ± 0.9
0.46 3.5 1.5

1.5

6.3 ± 1.7 0.7
[40] MRS(D′

−) [28]
4.7 ± 1.2

≈ 0.44 3 ≈ 1.5
1.0

taken from the compilation of Ref. [41]. We also show the CEM values R
J/ψ
CEM, taking

k2
max/m

2 = (m2
D −m2

c)/m
2
c ≈ 0.54. Several sets of matrix elements were extracted by mak-

ing use of NRQCD short-distance coefficients that were calculated at leading order in αs and
under the assumption of standard collinear factorization. For these sets of matrix elements,

RJ/ψ is much larger than R
J/ψ
CEM. Multiple gluon radiation, as modeled by parton-shower

Monte Carlos, tends to increase the partonic cross section more at smaller values of pT than

at larger values of pT . Since the contribution of 〈OJ/ψ
8 (3S1)〉 dominates that of M

J/ψ
r at

large pT , while the contribution of M
J/ψ
r is the more important one at small pT , the effect

of parton showering is to decrease the size of RJ/ψ. Hence, the addition of parton showering
to the leading-order calculation of the NRQCD short-distance coefficients brings the ratio

RJ/ψ for the extracted values of the matrix elements into better agreement with the R
J/ψ
CEM.

However, the extraction that is based on the more recent CTEQ(4M) parton distributions is

still in significant disagreement with R
J/ψ
CEM. Surprisingly, kT smearing does not decrease the

size of RJ/ψ as much as parton showering, and there is a substantial disagreement between

10

• As expected, RH � RH
CEM.
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Comparison with Tevatron data (J/ψ)

FIG. 1: J/ψ production: (data − theory)/theory. The data are from the measurements of the

CDF collaboration [26]. The upper figures are for the CEM predictions and the lower figures are

for the NRQCD factorization predictions. The theoretical predictions for the left-hand and right-

hand figures are based on the MRST98 HO [34] and the GRV98 HO [44] parton distributions,

respectively.

Plots of (data− theory)/theory for the CEM and NRQCD factorization predictions with
kT smearing are shown in Fig. 2. The kT -smearing procedure substantially improves both
the slope and normalization of the CEM fits to the data and slightly worsens the NRQCD
factorization fits to the data.3 The improvement of the slopes of the CEM predictions with
kT smearing is to be expected since, generally, the effect of kT smearing is to increase the

3 The effects of kT smearing on predictions for J/ψ production cross sections at the Tevatron have also

12

FIG. 2: J/ψ production: (data − theory)/theory, with kT smearing of the theory, as described in

the text. The data are from the measurements of the CDF collaboration [26]. The upper figures

are for the CEM predictions and the lower figures are for the NRQCD factorization predictions.

The theoretical predictions for the left-hand and right-hand figures are based on the MRST98 HO

[34] and the GRV98 HO [44] parton distributions, respectively.

been studied by Sridhar, Martin, and Stirling [40] and Petrelli [39]. These studies made use of somewhat

smaller values of 〈k2

T 〉 than in the present work. They also concluded that the quality of the NRQCD

factorization fits to the CDF data is little affected by kT smearing.

13

• CEM underestimates the x-section at low pT as expected.

• After including smearing effect, χ2/d.o.f. decreases.

• NRQCD prediction is better in either case.

• NRQCD factorization has more free parameters than the CEM,
but the CEM does not yield a satisfactory fit to the data.

11



Comparison with Tevatron data (J/ψ)
TABLE III: Values of matrix elements, RJ/ψ, and χ2/d.o.f. from the NRQCD factorization and

CEM fits to the J/ψ data. In the NRQCD factorization fits, we set 〈OJ/ψ
1 (3S1)〉=1.16 GeV3 and

give the fitted values of 〈OJ/ψ
8 (3S1)〉 and M

J/ψ
3.5 .

PDF 〈OJ/ψ
8 (3S1)〉 M

J/ψ
3.5 RJ/ψ χ2/d.o.f.

(GeV3 × 10−2) (GeV3 × 10−2)

NRQCD Factorization

MRST98 HO 1.00 ± 0.22 8.83 ± 1.24 8.83 ± 2.27 7.16/(11−2)=0.80

GRV98 HO 1.02 ± 0.23 10.6 ± 1.42 10.4 ± 2.76 7.98/(11−2)=0.89

MRST98 HO (smeared) 1.41 ± 0.13 0.41 ± 0.15 0.29 ± 0.11 10.28/(11−2)=1.14

GRV98 HO (smeared) 1.54 ± 0.14 0.49 ± 0.16 0.32 ± 0.11 12.69/(11−2)=1.41

Color-Evaporation Model

MRST98 HO 89.18/11=8.11

GRV98 HO 80.86/11=7.35

MRST98 HO (smeared) 20.78/(11−1)=2.08

GRV98 HO (smeared) 45.70/(11−1)=4.57

cross section considerably at moderate values of pT and increase the cross section by a
smaller amount at high pT . Nevertheless, the kT -smeared CEM predictions yield poor fits
to the data, as the slopes are still too positive relative to the data. This is consistent with

the fact that the CEM relation (19) over-estimates the size of 〈OJ/ψ
8 (3S1)〉 relative to M

J/ψ
r ,

even for kT -smeared extractions of the matrix elements.
A compilation of values of matrix elements, values of RJ/ψ, and chi-squared per degree

of freedom (χ2/d.o.f.) from the NRQCD factorization fits and CEM fits to the J/ψ data is
given in Table III. In the NRQCD factorization fits, the degrees of freedom are reduced by
two, owing to the two NRQCD matrix elements that are varied in the fits. The unsmeared
CEM fits have no free parameters, as the overall normalization is fixed by comparison with
the fixed-target data. The smeared CEM fits to the J/ψ data have one free parameter,
〈k2
T 〉, which is then held constant in fits to the ψ(2S) and χc data. The values of RJ/ψ in

Table III are much greater than R
J/ψ
CEM ≈ 0.46 in the fits without kT smearing and somewhat

greater than R
J/ψ
CEM in the fits with kT smearing. The relative values of RJ/ψ and R

J/ψ
CEM are

consistent with the large discrepancy between the slopes of the NRQCD factorization and
CEM fits without kT smearing and the smaller discrepancy between the slopes of the NRQCD
factorization and CEM fits with kT smearing.

B. Analysis of Tevatron Data on ψ(2S) Production

Next let us examine the case of ψ(2S) production. In Table IV we show values of Rψ(2S)

that were obtained from several different sets of NRQCD matrix elements that have been
extracted from the transverse-momentum distribution of ψ(2S)’s produced at the Tevatron.
Again, the matrix elements were taken from the compilation of Ref. [41]. We also show the

CEM values R
ψ(2S)
CEM in Table IV. As in the analysis of the J/ψ data, the values of Rψ(2S) lie

substantially above R
ψ(2S)
CEM , except in the case of the matrix elements that were extracted

14
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Comparison with Tevatron data [ψ(2S)]

FIG. 3: ψ(2S) production: (data − theory)/theory. The plots are as in Fig. 1, but for ψ(2S).

V. ANALYSIS OF P -WAVE CHARMONIUM PRODUCTION

Now let us turn to the case of production of the P -wave charmonium states χcj (j = 0, 1, 2)
at the Tevatron at transverse momenta pT > 5 GeV. It is known phenomenologically that the
most important NRQCD matrix elements are the color-singlet matrix elements 〈Oχcj

1 (3Pj)〉
and the color-octet matrix elements 〈Oχcj

8 (3S1)〉. The three color-singlet matrix elements
can be expressed in terms of 〈Oχc0

1 (3P0)〉, and the three color-octet matrix elements can be
expressed in terms of 〈Oχc0

8 (3S1)〉 by making use of the heavy-quark spin-symmetry relations

〈Oχcj

1,8 (3Pj)〉 = (2j + 1)〈Oχc0

1,8 (3P0)〉, (21)

16

FIG. 4: ψ(2S) production: (data − theory)/theory, with kT smearing of the theory, as described

in the text. The plots are as in Fig. 2, but for ψ(2S).

which hold up to corrections of order v2. Therefore, we define a ratio

Rχc =
〈Oχc0

8 (3S1)〉
〈Oχc0

1 (3P0)〉/m2
. (22)

The relation (9) yields the CEM prediction

Rχc

CEM = 15CF
m2

k2
max

. (23)

The velocity-scaling rules of NRQCD predict that the ratio Rχc in Eq. (22) scales as v0. In
contrast, we see that the CEM prediction in Eq. (23) scales as v−2. Furthermore, with the

17

• CEM underestimates the x-section at low pT as expected.

• After including smearing effect, χ2/d.o.f. decreases.

• NRQCD prediction is better in either case.

• NRQCD factorization has more free parameters than the CEM,
but the CEM does not yield a satisfactory fit to the data.
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Comparison with Tevatron data [ψ(2S)]

TABLE V: Values of matrix elements, Rψ(2S), and χ2/d.o.f. from the NRQCD factorization and

CEM fits to the ψ(2S) data. In the NRQCD factorization fits, we set 〈Oψ(2S)
1 (3S1)〉=0.76 GeV3

and give the fitted values of 〈Oψ(2S)
8 (3S1)〉 and M

ψ(2S)
3.5 .

PDF 〈Oψ(2S)
8 (3S1)〉 M

ψ(2S)
3.5 Rψ(2S) χ2/d.o.f.

(GeV3 × 10−3) (GeV3 × 10−4)

NRQCD Factorization

MRST98 HO 2.34 ± 0.47 44.0 ± 19.2 18.83 ± 9.08 0.35/(11−2)=0.04

GRV98 HO 2.51 ± 0.52 55.4 ± 22.2 22.02 ± 9.93 0.55/(11−2)=0.06

MRST98 HO (smeared) 2.12 ± 0.26 −6.77 ± 2.20 −3.19 ± 1.11 0.17/(11−2)=0.02

GRV98 HO (smeared) 2.34 ± 0.29 −6.80 ± 2.39 −2.90 ± 1.08 0.22/(11−2)=0.02

Color-Evaporation Model

MRST98 HO 47.72/11=4.34

GRV98 HO 29.85/11=2.71

MRST98 HO (smeared) 10.43/11=0.95

GRV98 HO (smeared) 1.49/11=0.14

TABLE VI: Values of Rχc , as defined in Eq. (22), in the NRQCD factorization approach and in

the CEM. As in Table II, except for χc. The column labeled “Rχc

CEM” gives the CEM ratios from

Eq. (23) for the values of mc that were used in the NRQCD extractions of Rχc .

Reference PDF Rχc Rχc

CEM mc (GeV)

LO collinear factorization

[27] MRS(D0) [28] (6.6 ± 0.8)×10−2 36 1.48

[38] CTEQ4L [29] (0.71 ± 0.21)×10−2 40 1.55

MRST-LO(98) [34] (5.8 ± 1.1)×10−2
[33]

CTEQ5L [35] (4.7 ± 0.8)×10−2
37 1.5

standard normalization of the NRQCD matrix elements in Ref. [1], the color factor in Rχc

is estimated [46] to be 1/(2Nc) = 1/6, while the CEM prediction is that the color factor
in RχQ is CF = 4/3. Both the discrepancy in the velocity scaling and the discrepancy in
the color factor have the effect of increasing the size of the CEM prediction relative to the
expectation from NRQCD.

In Table VI we show values of Rχc that were obtained from several different sets of
NRQCD matrix elements that have been extracted from the transverse-momentum distri-
bution of χc’s produced at the Tevatron. Again, the matrix elements were taken from the
compilation of Ref. [41]. The values of Rχc in Table VI are reasonably close to the value
Rχc ≈ v0/(2Nc) ≈ 0.17 that one would expect on the basis of the velocity-scaling rules and
the estimate of the color factor. Table VI also contains the CEM values Rχc

CEM. As expected,
they are much larger than the values of Rχc that follow from the data.4 Consequently, we
expect the CEM to predict a cross section that is relatively too large at high pT , where the

4 Because the CEM prediction scales incorrectly with v, we expect the disagreement between the CEM ratio

18
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NRQCD ME for P -wave production

• The most important ME for χcj production

〈Oχcj
8 (3S1)〉, 〈Oχcj

1,8 (3Pj)〉 = (2j + 1)〈Oχc0
1,8 (3P0)〉,

• The ratio is a useful phenomenological variable.

Rχc =
〈Oχc0

8 (3S1)〉
〈Oχc0

1 (3P0)〉/m2
∼ v0

2Nc
∼ 0.17.

• The CEM assumptions lead to a different prediction for the ratio
than the v-scaling rules of NRQCD.

Rχc
CEM = 15CF

m2

k2
max

∼ 1

v2
� Rχc.
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• Rχc � Rχc
CEM as expected.

TABLE V: Values of matrix elements, Rψ(2S), and χ2/d.o.f. from the NRQCD factorization and

CEM fits to the ψ(2S) data. In the NRQCD factorization fits, we set 〈Oψ(2S)
1 (3S1)〉=0.76 GeV3

and give the fitted values of 〈Oψ(2S)
8 (3S1)〉 and M

ψ(2S)
3.5 .

PDF 〈Oψ(2S)
8 (3S1)〉 M

ψ(2S)
3.5 Rψ(2S) χ2/d.o.f.

(GeV3 × 10−3) (GeV3 × 10−4)

NRQCD Factorization

MRST98 HO 2.34 ± 0.47 44.0 ± 19.2 18.83 ± 9.08 0.35/(11−2)=0.04

GRV98 HO 2.51 ± 0.52 55.4 ± 22.2 22.02 ± 9.93 0.55/(11−2)=0.06

MRST98 HO (smeared) 2.12 ± 0.26 −6.77 ± 2.20 −3.19 ± 1.11 0.17/(11−2)=0.02

GRV98 HO (smeared) 2.34 ± 0.29 −6.80 ± 2.39 −2.90 ± 1.08 0.22/(11−2)=0.02

Color-Evaporation Model

MRST98 HO 47.72/11=4.34

GRV98 HO 29.85/11=2.71

MRST98 HO (smeared) 10.43/11=0.95

GRV98 HO (smeared) 1.49/11=0.14

TABLE VI: Values of Rχc , as defined in Eq. (22), in the NRQCD factorization approach and in

the CEM. As in Table II, except for χc. The column labeled “Rχc

CEM” gives the CEM ratios from

Eq. (23) for the values of mc that were used in the NRQCD extractions of Rχc .

Reference PDF Rχc Rχc

CEM mc (GeV)

LO collinear factorization

[27] MRS(D0) [28] (6.6 ± 0.8)×10−2 36 1.48

[38] CTEQ4L [29] (0.71 ± 0.21)×10−2 40 1.55

MRST-LO(98) [34] (5.8 ± 1.1)×10−2
[33]

CTEQ5L [35] (4.7 ± 0.8)×10−2
37 1.5

standard normalization of the NRQCD matrix elements in Ref. [1], the color factor in Rχc

is estimated [46] to be 1/(2Nc) = 1/6, while the CEM prediction is that the color factor
in RχQ is CF = 4/3. Both the discrepancy in the velocity scaling and the discrepancy in
the color factor have the effect of increasing the size of the CEM prediction relative to the
expectation from NRQCD.

In Table VI we show values of Rχc that were obtained from several different sets of
NRQCD matrix elements that have been extracted from the transverse-momentum distri-
bution of χc’s produced at the Tevatron. Again, the matrix elements were taken from the
compilation of Ref. [41]. The values of Rχc in Table VI are reasonably close to the value
Rχc ≈ v0/(2Nc) ≈ 0.17 that one would expect on the basis of the velocity-scaling rules and
the estimate of the color factor. Table VI also contains the CEM values Rχc

CEM. As expected,
they are much larger than the values of Rχc that follow from the data.4 Consequently, we
expect the CEM to predict a cross section that is relatively too large at high pT , where the

4 Because the CEM prediction scales incorrectly with v, we expect the disagreement between the CEM ratio

18

• Since 3P
(8)
0 is important at low pT and 3S

(8)
1 dominates at large

pT , we expect

σNRQCD(χcj) > σCEM(χcj) at low pT
σNRQCD(χcj) < σCEM(χcj) at large pT
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Comparison with Tevatron data (χcj)

FIG. 5: χc production: (data − theory)/theory. The plots are as in Fig. 1, except that they

are for χc, the top row is for the CEM predictions, and the middle and bottom rows are for the

1-parameter and 2-parameter NRQCD factorization predictions, respectively.

20

FIG. 6: χc production: (data− theory)/theory, with kT smearing of the theory, as described in the

text. The plots are as in Fig. 2, except that they are for χc, the top row is for the CEM predictions,

and the middle and bottom rows are for the 1-parameter and 2-parameter NRQCD factorization

predictions, respectively.
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Comparison with Tevatron data (χcj)

TABLE VII: Values of matrix elements, Rχc, and χ2/d.o.f. from the NRQCD factorization and

CEM fits to the χc data. In the NRQCD factorization fits, the upper sets of parameters are for

fits in which 〈Oχc0

1 (3P0)〉 is fixed, as described in the text, while the lower sets of parameters are

for fits in which 〈Oχc0

1 (3P0)〉 is varied.

PDF 〈Oχc0

1 (3P0)〉 〈Oχc0

8 (3S1)〉 Rχc χ2/d.o.f.

(GeV5 × 10−2) (GeV3 × 10−3) (10−2)

NRQCD Factorization

MRST98 HO 7.2 (input) 3.59 ± 0.39 11.23 ± 1.23 31.0/(11−1)=3.10

GRV98 HO 7.2 (input) 3.94 ± 0.43 12.30 ± 1.35 35.5/(11−1)=3.55

MRST98 HO (smeared) 7.2 (input) 1.71 ± 0.29 5.36 ± 0.89 17.4/(11−1)=1.74

GRV98 HO (smeared) 7.2 (input) 2.08 ± 0.32 6.50 ± 0.99 14.5/(11−1)=1.45

MRST98 HO 40.8 ± 6.3 1.20 ± 0.60 0.66 ± 0.35 2.97/(11−2)=0.33

GRV98 HO 48.7 ± 7.3 1.17 ± 0.65 0.54 ± 0.31 3.19/(11−2)=0.35

MRST98 HO (smeared) 3.88 ± 1.00 2.43 ± 0.36 14.12 ± 4.21 6.40/(11−2)=0.71

GRV98 HO (smeared) 4.39 ± 1.09 2.67 ± 0.39 13.66 ± 3.93 7.88/(11−2)=0.88

Color-Evaporation Model

MRST98 HO 50.20/11=4.56

GRV98 HO 66.30/11=6.03

MRST98 HO (smeared) 16.15/11=1.47

GRV98 HO (smeared) 63.69/11=5.79

is significantly constrained by the χc decay data. Hence, comparisons of the predictions of
NRQCD factorization with the χc data may provide a more stringent test of NRQCD fac-
torization than comparisons with the J/ψ and ψ(2S) data. A definitive test would require
one to replace the kT -smearing model for multiple gluon emission with a first-principles
calculation.

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have compared the CEM and NRQCD factorization approaches to in-
clusive quarkonium production. As we have mentioned, the predictions of the CEM are at
odds with a number of experimental observations. These include the different fractions of
J/ψ’s from χc decays that occur in B decays and in prompt production at the Tevatron, the
nonzero polarization of J/ψ’s in e+e− annihilation at the B factories, the nonzero polariza-
tion of Υ(2S) and Υ(3S) in a fixed-target experiment, and the deviation from 3/5 of the
ratio of the prompt-production cross sections for χc1 and χc2 at the Tevatron. Nevertheless,
one might hope that the CEM would still be useful for predicting rates of inclusive quarko-
nium production at large pT . While some of the predictions of the NRQCD factorization
approach do not agree well with the data, for example, in the cases of the polarization of
J/ψ’s produced at the Tevatron and J/ψ photoproduction at the Hadron Electron Ring
Accelerator (HERA) at Deutsches Elektronen-Synchrotron (DESY), the experimental and
theoretical uncertainties are sufficiently large that one cannot yet make a definite statement
about the validity of NRQCD factorization. (For a comprehensive review of these issues,

22

18



Comparison with Tevatron data (χcj)

• CEM underestimates the x-section at low pT as expected.

• After including smearing effect, χ2/d.o.f. decreases.

• NRQCD factorization has more free parameters than the CEM,
but the CEM does not represent the data adequately.

• The 3P
(1)
0 matrix element is constrained by data from P-wave

decays.

• In order to obtain a fit in NRQCD factorization that is compat-
ible with this constraint, we must include some kT smearing.

• The optimal amount of smearing is less for NRQCD factorization
than for the CEM.
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Conclusion

• We compared CEM and NRQCD predictions for charmonium
production with the CDF data.

– NLO 2 → 1 parton processes are included.

– Multiple gluon emission effect is included using kT -smearing.

• CEM
– not satisfactory in both normalization and slope.

– kT smearing improves CEM prediction but still unsatisfactory.

• NRQCD
– NRQCD factorization has more free parameters than the

CEM, but it gives a satisfactory fit to the data.

– In the P -wave case, which is constrained by decay data, kT
smearing is essential to obtain a satisfactory fit.

• Proper inclusion of effects of multiple soft-gluon emission could
provide a stringent test of NRQCD factorization in the P -wave
case.
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