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INTRODUCTION

B Heavy quarkonium can be described
as a non-relativistic two body system
=⇒ Schrödinger equation with inter-quark potential

B Inter-quark potential?

• Phenomenological potential
(Coulomb + linear + Spin dependent corrections)

• “Inter-quark potential” from (lattice) QCD ?

⋆ QCD is not a quantum mechanics but a field theory. . .
⋆ inter-quark potential ̸= static potential

B In the framework of an effective field theory for heavy quarkonium
(potential NRQCD (pNRQCD)), we can study inter-quark potential
including relativistic corrections from QCD

[Brambilla,Pineda,Soto&Vairo(’99-)]
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POTENTIAL NRQCD

B pNRQCD is an effective field theory for the heavy quarkonium.

B energy hierarchy
(mq:quark mass, v: quark velocity in the CM frame, v ≪ 1)
mq > mqv > mqv

2

B integrating out the energy scale above mqv =⇒ pNRQCD

B inter quark potential V (r) appears as a low-energy matching factor
dependent on the qq̄ distance r

(cf. low energy constant of chiral perturbation theory)

B V (r) consists of static potential and relativistic corrections with
1/mq expansion
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POTENTIAL NRQCD

B Effective Hamiltonian for quarkonium up to O(1/m2
q)

[Pineda&Vairo(’01)]
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• V (0)(r) : static potential

• V (1)(r) : O(1/mq) correction

• V (2,0)(r), V (0,2)(r), V (1,1)(r): O(1/m2
q) corrections

⇒ incl. spin- and momentum-dependent corrections
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O(1/mq)O(1/mq)O(1/mq) POTENTIAL — DEFINITIONS

B Nonperturbative expression [Brambilla,Pineda,Soto&Vairo(’01)]

V (1)(r)V (1)(r)V (1)(r) = −1
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B Color electric field strength correlator on the Polyakov loop corre-
lation function

〈〈g2Ei(0, 0) Ei(0, t)〉〉c〈〈g2Ei(0, 0) Ei(0, t)〉〉c〈〈g2Ei(0, 0) Ei(0, t)〉〉c === T
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We measure this quantity accurately by utilizing the multilevel algorithm and fit

it to its spectral representation.

B for all technical details, see [Koma, Koma, NPB769(’07)79]
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O(1/mq)O(1/mq)O(1/mq) POTENTIAL — DEFINITIONS

B Nonperturbative expression [Brambilla,Pineda,Soto&Vairo(’01)]

V (1)(r)V (1)(r)V (1)(r) = −1
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B Color electric field strength correlator on the Polyakov loop corre-
lation function (spectral rep.)
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The integration is performed analytically.

B for all technical details, see [Koma, Koma, NPB769(’07)79]
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O(1/m2
q)O(1/m2
q)O(1/m2
q) SPIN DEPENDENT POTENTIALS — DEFINITIONS
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O(1/m2)O(1/m2)O(1/m2) SPIN DEPENDENT POTENTIALS — DEFINITIONS
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B Nonperturbative expressions (set r⃗ = (r, 0, 0))
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O(1/m2)O(1/m2)O(1/m2) SPIN DEPENDENT POTENTIALS — DEFINITIONS
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B Nonperturbative constraints
(exploit Lorentz invariance of field strength correlators)

• Gromes relation [Gromes(’84), Brambilla,Gromes&Vairo(’01)]

V ′
2 − V ′

1 = V (0)′

Relativistic corrections must be determined nonperturbatively
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SIMULATION DETAILS

β = 6/g2 a [fm] V = L3T Ntsl Niupd Nconf

5.85 0.122 244 3 50000 77
6.0 0.093 20340 4 7000 33
6.2 0.068 24332 5 10000 33
6.3 0.059 244 6 6000 39
5.85 0.122 244 3 50000 133
6.0 0.093 24332 4 50000 100
6.2 0.068 30340 5 50000 33

• Wilson gauge action

• set lattice spacing by Sommer scale r0 = 0.5 fm

• NEC SX5, SX8, SX9 @ RCNP Osaka University, JAPAN
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STATIC POTENTIAL & FORCE

B V (0)(rI) = −
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• V (0)(r) = −
c

r
+ σr + µ ⇒ c = 0.2808(5), σa2 = 0.0468(1)
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O(1/mq)O(1/mq)O(1/mq) POTENTIAL — RESULTS
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(
1

m1

+
1

m2

)
V (1)(r) + · · ·

-1.5

-1.0

-0.5

0.0

0.5

1.0

 V
(1

) (r
) 

- 
V

(1
) (r

 =
 0

.8
r 0

) 
  [

1/
r 0

2 ]

2.01.51.00.50.0

 r / r0

 β=5.85
 β=6.0
 β=6.2
 fit curve (β=6.0,

       α2=0.0444 fixed by V(0) fit)

2.0

1.5

1.0

0.5 d
 V

(1
) (r

) 
/ d

 r
  [

 1
/r

03  ]

2.01.51.00.50.0

 r / r0

 β=5.85
 β=6.0
 β=6.2
 fit curve (β=6.0,

       α2=0.0444 fixed by V(0) fit)

B functional form

V (1)(r) = −
α2

r2
+ c′ ln r ⇒ c′r2

0 = 0.475(4) (α = (3/4)c)
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O(1/m2
q)O(1/m2
q)O(1/m2
q) SPIN DEPENDENT POTENTIAL
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spin-orbit
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O(1/m2
q)O(1/m2
q)O(1/m2
q) SPIN DEPENDENT POTENTIAL
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spin-spin
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O(1/m2
q)O(1/m2
q)O(1/m2
q) SPIN DEPENDENT POTENTIAL

B Gromes relation [Gromes(’84), Brambilla,Gromes&Vairo(’01)]
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⇒ existence of nonperturbative contribution to spin-dep corr.
⇒ restoration of Lorentz invariance
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SUMMARY

B We have investigated the relativistic corrections to
the heavy quark potential at O(1/mq) and O(1/m2

q)

Current observation. . .

B Potentials are measured at 0.2 . r .. r .. r . 1.2 fm

B O(1/mq) potential

• V (1) increases as a function of r =⇒=⇒=⇒ flavor dependent correction
• functional form =⇒=⇒=⇒ −α2/r2 + c′ ln r ?
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SUMMARY

B We have investigated the relativistic corrections to
the heavy quark potential at O(1/mq) and O(1/m2

q)

Current observation. . .

B Potentials are measured at 0.2 . r .. r .. r . 1.2 fm

B O(1/mq) potential

• V (1) increases as a function of r =⇒=⇒=⇒ flavor dependent correction
• functional form =⇒=⇒=⇒ −α2/r2 + c′ ln r ?

B Spin-dependent potentials at O(1/m2
q)O(1/m2
q)O(1/m2
q)

• V ′
1 and V ′

2 are long ranged (V ′
2 has finite tail up to 1.2 fm)

• V3 and V4 are short ranged
• Gromes relation, satisfied in the continuum limit
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SUMMARY

B We have investigated the relativistic corrections to
the heavy quark potential at O(1/mq) and O(1/m2

q)

Further applications. . .

B Spectroscopy

B Comparison with the QCD Vacuum models
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