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Motivation

@ Lattice gauge theory provides a promising tool to calculate the
non-perturbative gluon condensate (G G) from Wilson loops
Banks, Horsley, Rubinstein, Wolff (1981), Di Giacomo, Rossi (1981), Kripfganz, Kirschner,
Ranft, AS (1982), ligenfritz, Miller-Preussker (1982), ...
precise knowledge of perturbative tail necessary
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Motivation

@ Lattice gauge theory provides a promising tool to calculate the
non-perturbative gluon condensate (G G) from Wilson loops
Banks, Horsley, Rubinstein, Wolff (1981), Di Giacomo, Rossi (1981), Kripfganz, Kirschner,
Ranft, AS (1982), ligenfritz, Muller-Preussker (1982), ...
precise knowledge of perturbative tail necessary

@ Study of the large order behavior of perturbative series on the
lattice - factorial behavior or (still) not (see. e.g. investigations of
Meurice (2006), Burgio, Di Renzo, Marchesini, Onofri (1998) )

O ~ Z cpA", X\ : generic coupling
n

Widely believed: perturbative QCD is an asymptotic theory
factorial growth of the coefficients

2

e ~ Gy Cg r(n+ C3)
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@ Used framework for high loop calculations in lattice perturbation
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Motivation

@ Used framework for high loop calculations in lattice perturbation
theory: NSPT

@ Investigation of high-order perturbative Wilson loops of different
sizes
Test up to 20°’th loop order — at least on finite lattices — where a
possible set-in of an assumed asymptotic behavior might occur
Earlier work for high-order plaquette
10 loops Di Renzo, Scorzato (2001) and up 16 100ps Rakow (2005)
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Motivation

@ Used framework for high loop calculations in lattice perturbation
theory: NSPT

@ Investigation of high-order perturbative Wilson loops of different
sizes
Test up to 20°’th loop order — at least on finite lattices — where a
possible set-in of an assumed asymptotic behavior might occur
Earlier work for high-order plaquette
10 loops Di Renzo, Scorzato (2001) and up 16 100ps Rakow (2005)

@ | will discuss here results from Wilson gauge action only
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Stochastic quantization and Langevin equation

Starting point of NSPT given by stochastic quantization parisi, Wu (1981)
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Stochastic quantization and Langevin equation

Starting point of NSPT given by stochastic quantization parisi, Wu (1981)

Main ingredients

@ Introduction of a stochastic time tin a Euclidean field theory
P(x) = o(x, 1)
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Stochastic quantization and Langevin equation

Starting point of NSPT given by stochastic quantization parisi, Wu (1981)

Main ingredients

@ Introduction of a stochastic time tin a Euclidean field theory

P(x) = o(x, 1)
@ Langevin equation with Gaussian noise n

op(x,t)  0S[g]
ot~ “ogpen 1D
(n(x, On(x’, 1)) = 25(x = x")o(t-t)
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Stochastic quantization and Langevin equation

Starting point of NSPT given by stochastic quantization parisi, Wu (1981)
Main ingredients

@ Introduction of a stochastic time tin a Euclidean field theory

P(x) = o(x, 1)
@ Langevin equation with Gaussian noise n

op(x,t)  0S[g]
ot~ “ogpen 1D
(n(x, On(x’, 1)) = 25(x = x")o(t-t)

@ Solution results in
(Olp1(x1, 1), p2(x2,1),...])y e %/[qu] Olp1(x1), d2(X2), . ..] €59

Average on noise converges to average on Gibbs measure
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Langevin equation for lattice QCD

O Ue) = 1{ T SelU] — )} Ut

S SU(3) lattice gauge action, Vy , left Lie derivative
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Langevin equation for lattice QCD

O Ue) = 1{ T SelU] — )} Ut

S SU(3) lattice gauge action, Vy , left Lie derivative

Solve Langevin equation by discretizing t = ne

Solution at next time step n+ 1 in peculiar version of Euler scheme

Ux,u(n +1) = S UX,u(n)v FX.;L[Uv n = vaﬁuSG[U] + ﬁnxﬁu

Within that scheme Uy, stays in the group manifold
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Langevin equation for lattice QCD

O Ue) = 1{ T SelU] — )} Ut

S SU(3) lattice gauge action, Vy , left Lie derivative

Solve Langevin equation by discretizing t = ne
Solution at next time step n+ 1 in peculiar version of Euler scheme

Ux,u(n +1) = S UX,u(n)v FX.;L[Uv n = vaﬁuSG[U] + ﬁnxﬁu

Within that scheme Uy, stays in the group manifold

Non-perturbative application:

Langevin simulations of lattice QCD zwanziger, Stamatescu, Wolff (1983),
Zwanziger, Seiler, Stamatescu (1984), Batrouni et al., 1985,... including stochastic
gauge fixing instead of standard Monte Carlo (MC)

Arwed Schiller (Leipzig) High order Wilson loops from NSPT Mishima - November 6, 2010 6/23



L
Perturbation theory

Perturbation theory
introduced by means of a formal expansion of the U’'s and F’s

Ueu(n) = 14> 87200, (n), 72 =g/\/2N,

>0

The Langevin equation at finite ¢ = Se transforms into a hierarchical
system of updates for each order U(/)

UD(n+1) = UDn)—FD(n)
UB(n+1) = w%m—ﬂ%m+gﬁWmf—ﬂmeWm

Arwed Schiller (Leipzig) High order Wilson loops from NSPT Mishima - November 6, 2010 7/23



L
Perturbation theory

Perturbation theory
introduced by means of a formal expansion of the U’'s and F’s

Ueu(n) = 14> 87200, (n), 72 =g/\/2N,

>0

The Langevin equation at finite € = fe transforms into a hierarchical
system of updates for each order U(/)

UD(n+1) = UDn)—FD(n)
UB(n+1) = w%m—ﬁmm+gﬁWmf—ﬂmeWm

The system is than truncated to Inax and numerically integrated:
core of NSPT Di Renzo, Onofri, Marchesini, Marenzoni (1994)
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Practice of NSPT

@ choose maximal loop order number nax/2
— keep in storage Imax link fields at given Langevin step

Arwed Schiller (Leipzig) High order Wilson loops from NSPT Mishima - November 6, 2010 8/23



What is NSPT?

Practice of NSPT

@ choose maximal loop order number nax/2
— keep in storage Imax link fields at given Langevin step

@ For stabilization add stochastic gauge fixing and zero mode
subtraction to update
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What is NSPT?

Practice of NSPT

@ choose maximal loop order number nax/2
— keep in storage Imax link fields at given Langevin step

@ For stabilization add stochastic gauge fixing and zero mode
subtraction to update

@ Construct Wilson loops Wiy of size N x M from expanded U(")

n*
Wam(n*) =1+ > Wip) (6?)"
n=1
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Practice of NSPT

@ choose maximal loop order number nax/2
— keep in storage Imax link fields at given Langevin step

@ For stabilization add stochastic gauge fixing and zero mode
subtraction to update

@ Construct Wilson loops Wiy of size N x M from expanded U(")
n*
Wi (n*) =1+ W (6%)"
n=1

@ Perform limits:
long Langevin trajectories in equilibrium
runs at several ¢ and extrapolationto e — 0
V — oo (?)
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Practice of NSPT

@ choose maximal loop order number nax/2
— keep in storage Imax link fields at given Langevin step

@ For stabilization add stochastic gauge fixing and zero mode
subtraction to update

@ Construct Wilson loops Wiy of size N x M from expanded U(")
n*
Wi (n*) =1+ W (6%)"
n=1

@ Perform limits:
long Langevin trajectories in equilibrium
runs at several ¢ and extrapolationto e — 0
V — oo (?)
@ Computation on Linux/HP-clusters (Leipzig), at HLRN
(Hannover-Berlin), NEC SX-9 of RCNP (Osaka)
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Loop expansion coefficlents Wy,
Expansion coefficients: signal/noise ratio
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A model for series summation on finite lattices
Series behavior of data r, = ¢,/cp_1

Coefficients ¢, from W(g?) = 3" ¢ (g?)" (for each (N, M))

No sign of dramatic change with lattice volume for Wj

1

L=12" "
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1/n
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Results for high-order Wilson loops A model for series summation on finite lattices

Data and (absence of ?) factorial behavior

Wy, L=12, Wilson Wy, L=12, Wilson
CofChet Co/Cn-1
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Red: NSPT data

Blue: Factorial behavior: starting with n=2 (left), n=10 (right)
Up to loop-order n = 20 no factorial behavior found!
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A model for series summation on finite lattices
Series behavior for different loop sizes
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A model for series summation on finite lattices
Hypergeometric model

@ Ratio r, can be surprisingly well described for moderate Wilson
loop sizes by

Cn 1+ P
= = 1— n>n

o157 ) o Wieh ~ (1 - ugfy

in purple: describe curvature for lower loop number n
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A model for series summation on finite lattices
Hypergeometric model

@ Ratio r, can be surprisingly well described for moderate Wilson

loop sizes by

Cn 1+ P
= = 1-— n>n
" “( )+n<n+s>’ -

o157 ) o Wieh ~ (1 - ugfy
in purple: describe curvature for lower loop number n

@ Convergence radius g% < 1/u
— summable series (hypergeometric function)
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A model for series summation on finite lattices
Example Domb-Sykes plots

Wiy, L=12, plaquette Way, L=12, plaquette action
Cn/Ch-1 Cn/Ch1
20t
08
15}
06} 10E
0.5}
04
R 1/n
02} -05} '
_1.0,
011 o‘.z 0.‘3 0‘.4 0‘.5 n -15F
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A model for series summation on finite lattices
Wilson loops and weak coupling regime

Question: To what extend are Wilson loops dominated by perturbation
theory?

W. — W
AW11,rel(5) = 1.ve 1L.PT (5)

Wit .mc
0.01
0.008 |
0.006 | L =12, Wilson
B (preliminary)
S 0.004 |
<
0.002 | l l ]
o1 HHHHH}HH%
-0.002 \ ‘ ‘ ‘ ‘
56 58 6 62 64 66 68

Ié]
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Boosted perturbation theory
Boosted perturbation theory

@ Bare lattice coupling g° - bad expansion parameter

Arwed Schiller (Leipzig) High order Wilson loops from NSPT Mishima - November 6, 2010 16/23



Boosted perturbation theory
Boosted perturbation theory

@ Bare lattice coupling g° - bad expansion parameter
@ Use instead boosted coupling

2
g = 7Wg

11,pert

with Wiq pere from NSPT
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Boosted perturbation theory
Boosted perturbation theory

@ Bare lattice coupling g° - bad expansion parameter
@ Use instead boosted coupling

2

gb:W

11,pert

with Wiq pere from NSPT
@ Reordering of perturbative coefficients ¢, — C,E,b)
2 2
9> 9

\c(b)| < [l } improved convergence behavior
n n
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Boosted perturbation theory
Boosted perturbation theory

@ Bare lattice coupling g° - bad expansion parameter
@ Use instead boosted coupling

2
g = Wg

11,pert

with Wiy pere from NSPT
@ Reordering of perturbative coefficients ¢, — C,E,b)
g5 > 9°
e| < el
@ First successful application: Rakow (2005)

} improved convergence behavior
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Boosted perturbation theory
Boosted perturbation theory

@ Bare lattice coupling g° - bad expansion parameter
@ Use instead boosted coupling

2
g = Wg

11,pert

with Wiq pere from NSPT

@ Reordering of perturbative coefficients ¢, — C,E,b)
g > 9°
] < lenl

@ First successful application: Rakow (2005)

@ Further advantage of boosted PT: no model assumption
necessary

} improved convergence behavior
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Boosted perturbation theory
Example plot for P = W4

1 7‘ j lwp‘crgcomctric model j
° Pyspr(n®)  ®
Py(n* *
L=12,¢g>=1.04
08 | B
—~
=
A °.
06+ ® g
06 2292200000000 000e
-
04 F . 4
0 5 10 15 20

P(n): perturbative series summed up to n*

0.58

0.56

Chosen coupling g° at convergence limit
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Gluon condensate
Gluon condensate ?

@ (GG) (introduced by SVZ) is a dimensionful OPE quantity
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Gluon condensate
Gluon condensate ?

@ (GG) (introduced by SVZ) is a dimensionful OPE quantity
@ — on the lattice one expects

a4<GG> ~ AP(I‘I*) = PMC — PpT(n*) X C4 34

(n* : order of lattice perturbation theory)
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Gluon condensate
Gluon condensate ?

@ (GG) (introduced by SVZ) is a dimensionful OPE quantity
@ — on the lattice one expects

a4<GG> ~ AP(I‘I*) = PMC — PPT(H*) X C4 34

(n* : order of lattice perturbation theory)

@ aepf
use MC data at different 3
choose different lattice sizes to stay in confinement
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Gluon condensate
Gluon condensate ?

@ (GG) (introduced by SVZ) is a dimensionful OPE quantity
@ — on the lattice one expects

a4<GG> ~ AP(I‘I*) = Pyc — PpT(n*) X C4 34

(n* : order of lattice perturbation theory)

@ aepf
use MC data at different 3
choose different lattice sizes to stay in confinement

@ Narison/Zakharov conjecture (2009):

AP(n*) x cp(n*) @ + c4(n*) a*

co(n*) & due to small n*
co(n*) — 0 for large n*
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Gluon condensats
Dominance of dimension 4 operator ?

@ ¢4 and ¢ as function of maximal loop number

a2
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] . ..""'--...
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S04
Q e
£
0.2 |
oL e °
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Cyq, C2

0.8 |

0.6

0.4 F

0.2 |
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¢ o ©
4'1; Y @ °
°
°
. ® C e e e 4 . .
a 1
@ 8 o -
= 1
. . - = = 8 2 8 &-
10 12 14 16 18 20
n*
Mishima - November 6, 2010 19/23
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Gluon condensats
Dominance of dimension 4 operator ?

@ ¢4 and ¢ as function of maximal loop number

a2 ¢y —o—
0.8 | L=12 Cags o 4 0.8 | €ap —o— Limit L = oo
......... e (n*) s Cy 1o s o ©
""""" Coas O Cop +o o °
.... ®
061 o T 0.6 | o
O o ©
%) T [9) . .
S 04t S04} & o o o
3 @ ]
0.2 4 02 -
§ o '
a ]
""""" ° 8 e s g 8 g ]
0 oo o Ofm = = = = w = = = & ©#-
10 20 30 40 50 60 70 10 12 14 16 18 20
n* n*

@ Naive LPT: n* < 20: NSPT data, n* > 20: hypergeometric model

series expansion
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Gluon condensats
Dominance of dimension 4 operator ?

@ ¢4 and ¢ as function of maximal loop number

a2 ¢y —o—
0.8 F L=12 Cags o 4 0.8 | €ap —o— Limit L = oo
......... ey(n*) v Gy m s o ©
""""" 2 o Cop W s °
= T, @
061 o T 0.6 | o
O o ©
%) T [9) . .
S04 e S 04t L
3 o
0.2 4 02
§ ©
8
..... ° 8 e s g 8 g
0t oo ° Ofm = = = = w = =» = & &
10 20 30 40 50 60 70 10 12 14 16 18 20
n* n*

@ Naive LPT: n* < 20: NSPT data, n* > 20: hypergeometric model
series expansion
@ C; 45 values for the total sum of hypergeometric model
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Gluon condensats
Dominance of dimension 4 operator ?

@ ¢4 and ¢ as function of maximal loop number

ca(n®) = o —o
0.8 F L=12 Cags —O— 4 0.8 | €ap —o— Limit L = oo
......... cy(n¥) e Cy s © ©
e C2 © Cop R ® @
= T, ®
06t . e 0.6 F o
O o ©
< - © . .
S04t S 04 & o o o
3 ©
0.2 4 02
§ ©
]
..... ° 8 e g 8 8 g
0t oo ° Ofm = = = = w = =» = & &
10 20 30 40 50 60 70 10 12 14 16 18 20
n* n*

@ Naive LPT: n* < 20: NSPT data, n* > 20: hypergeometric model
series expansion

@ C; 45 values for the total sum of hypergeometric model

@ Boosted LPT: only data for n* < 20
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Gluon condensats
Dominance of dimension 4 operator ?

@ ¢4 and ¢ as function of maximal loop number

ca(n®) = ¢y —o—
0.8 F L=12 Cags —O— 4 0.8 | €ap —o— Limit L = oo
......... ey(n*) v Gy m s o ©
e 2 o Copp vl s °
= Ty, ®
061 o T 0.6 | o
O o ©
%) T [9) . .
S04 S 04t L
3 o
0.2 4 02
§ ©
8
..... ° 8 e s g 8 g
0t oo o A Ofm = = = = w = =» = & &
10 20 30 40 50 60 70 10 12 14 16 18 20
n* n*

@ Naive LPT: n* < 20: NSPT data, n* > 20: hypergeometric model
series expansion

@ C; 45 values for the total sum of hypergeometric model

@ Boosted LPT: only data for n* < 20

@ Conclusion: boosted PT approaches asymptotic value very early
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Gluon condensate
Gluon condensate estimate from plaquette

47772b0792<g

36 A(g) w00 =B
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Gluon condensate
Gluon condensate estimate from plaquette

am? bog? (2
36 5(9)

Systematic uncertainties:

GG) = AP

™

@ Naive PT with model for summation or boosted PT
Our preferred choice:
perturbative plaquette at L = oo extrapolation from boosted
perturbation theory
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Gluon condensate
Gluon condensate estimate from plaquette

am? bog? (2
36 5(9)

Systematic uncertainties:

GG) = AP

™

@ Naive PT with model for summation or boosted PT
Our preferred choice:
perturbative plaquette at L = oo extrapolation from boosted

perturbation theory

@ Choice of fit window &2, < @ < a2, (3-range)
B(a/ry)-relation (Neccosommer): AP(5) — AP(a/r)
Fit ansatz: AP(a/r) = ca + c4a*
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Gluon condensate
Gluon condensate estimate(s)

0.04 .
fit function -
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Results for high-order Wilson loops Gluon condensate

Gluon condensate estimate(s)

L 3 (2GG) | (2GG) [GeV?] fit range
6 1.08(10) 0.034(3) 573 < 3 < 6.00
8 1.22(11) 0.039(4) 5.78 < 3 < 6.10
12 1.29(17) 0.041(6) 578 < 3 <6.27
o0, boost. | 1.33(7) 0.042(2) 578<(<6.17
(rhp = 0.467 fm)
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Gluon condensate
Gluon condensate estimate(s)

L 3 (2GG) | (2GG) [GeV?] fit range

6 1.08(10) | 0.034(3) | 5.73<0 < 6.00

8 1.22(11) 0.039(4) | 5.78 <3 <6.10

12 1.29(17) 0.041(6) 578 <3 <6.27
oo, boost. | 1.33(7) 0.042(2) | 5.78<pB<6.17

(ro = 0.467 fm)

Question:

Can one use also larger Wilson loops to estimate gluon condensate?
Naive attempt failed

Does one need an area law ansatz, factorization,... ?
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Summary

@ Wilson loops of different sizes up to loop-order n = 20 for Wilson
(and Symanzik) gauge action
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Summary

@ Wilson loops of different sizes up to loop-order n = 20 for Wilson
(and Symanzik) gauge action

@ No factorial behavior of perturbative coefficients
still an effect of finite lattice or of the used observables?
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Summary

@ Wilson loops of different sizes up to loop-order n = 20 for Wilson
(and Symanzik) gauge action

@ No factorial behavior of perturbative coefficients
still an effect of finite lattice or of the used observables?
Bauer/Bali (1011.1165): use of perturbative static potential: earlier
onset of factorial behavior ?

@ Comparison: hypergeometric model vs. boosted perturbation
theory

@ Possible a°-dependence of (a/7 GG) decreases significantly with
loop order

@ Estimate for (a/mGG) from plagquette consistent with former lattice
results
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