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Wilczek-Zee holonomy
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Formulation of the isohomonomic problem
NOOODDooooochNokooooooooooooooooo
Homogeneous bundle (integers N > k > 0)

UN) ~ Syi(C)=UN)/UN — k) A UK

Tl
U(N) ~ Gni(C)=UWN)/U(k) x U(N — k)

Stiefel manifold
Svi(C) ={V:Nx kOO, VIV =r}
Grassmann manifold
Gyip(C)={P:NxNOO,P?=P, Pl =P trP =k}

projection map

w1 Sy x(C) — Gy (C), Vs n(V) = vV]
group actions (free and transitive) 000000000 Sy, Gy 000000
U(N) x SNk — SNk (g, V) gV
UN) x Gy — GN ks (9, P) — gPg!

gauge transformation 0 (7#(Vh) = 7(V), 7(gV) = gr(V)g")
Snk X U(k) — Sk (Vih) — Vh



Homogeneous bundle (integers N > k > 0)

UN) ~ Syi(C)=U(N)/UN — k) A~ Uk)

Tl
U(N) ~ Gni(C)=UWN)/U() x UN — k)

0000n:Syx— Gyp OUG)DOOOOD0OO0O000O00000000000O
OU(N)OOODODOO

DDDDDDD,ConnectionD]]U(k)DDDDDDDDDDSN,kDDDDDD

A:=Viqv

000000 Maurer-Cartan 1-form ¢~ 1dgO
00 V(#)D0O0 (horizontal) 0 0 0 0 O

ey — Y
AWV =vie. =o.

Sy GypO0OOO0O0ODOC

1
tr (dV1 @ dV), Str(dP @ dp).

SN,kDDDDDDDDDDDDDDDDDDDDDGN,kDDDDDDDDDDD
D000 AO0DDOO00O (Wilson loop)d Wilczek-ZeeO OO O OO
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Isohomonomic problem (Montgomery 1991):
For given two points Vg, V1 € Sy (C), find a horizontal curve V(t) in
Sn.k(C) that connects Vg5 and Vi and that has the shortest length.
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Jo0doogoooddooogoonononon )\(t)Eu(k)DDDDDDDDDDDD
N00000000VG)D000000S0000000000 P®#) = 7(V(t))
2000

g = Tltr(d—Pd—P)dt (2)
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DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD(I)DDD
Jo0oddogoddooddooddoodgdoot



EREREREEN
000 ()0 0D00000000000Euler-Lagrange0 0000000

%(V\/T —vVvIi4vavh) =0 (3)
A%

ViZ_ =0 4

= (4)

0000000000000 0Do00ooono (3), ooooooooooooo
O0o000oooooo(@3)oiliooooo

VVI—vVT 4+ VAV = const = X € u(N). (5)
00000 (4000000000000
viv =o.
0(5)0000VvVOoOoooviv=rnooooo
V4+VAI=XV. (6)
0000000 vVioooo (4)ooooo

A=VIXV. (7)
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AN = VIXv4+vixy
VIX(XV = VA) + (-VIX + 2V XV
= VIXXV - VIXUAN=VIXXV +AWIXV = -2\ + 2\ =0.
000

At) = VIXV = const = 2 € u(k) (8)

0000000000 OV =XV -V OO0OO0X 0O 200000000
HRpN

V(t) = X Vet (9)
0000000000(8)0000 VpOOOO
A(t) = 2 =VIXV (10)

0000000000000 000000000000000X000000000
000000000 (e)000on (5)0

(XV - VOV —V(=VIX+ VD) 4+Vvovi=X
0J000XO000000000

X-(VVIX+Xxvvi—vvixvv) =0 (11)
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Vo = < g‘f ) € Sy r(C) (12)
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2 0w
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0000000000000000 (3), (400000000 N € wk)OW €
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Berry phase OO0 4O 00O
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T |
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Uk)D000000000000O00U0U(1)00000000000000U(k)O
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