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von Neumann - Morgenstein (1947)

I.  classical game theory

m players try to optimize their payoffs by 
making their choices in n strategies properly

 for m = 2,  n = 2 case

Alice Bob

payoffpayoff

‘0’ or ‘1’ ‘0’ or ‘1’

strategy strategy



Bob Deny

(3, 3)

(5, 0)

(0, 5)

(1, 1)

Prisoner’s Dilemma

Alice Confess

Confess

Deny

Nash equilibrium (NE)

dilemma

NE is not the best choice (Pareto Optimal) 
for the two players 

Pareto optimal 



Bob Opera

(2, 1)

(0, 0)

(0, 0)

(1, 2)

Battle of the Sexes

Alice Football

Opera

Football

two Nash equilibria

dilemma

players cannot decide on the 
choice Opera/Football



Bob Stag

(4, 4)

(3, 0)

(0, 3)

(3, 3)

Stag Hunt

Alice Hare

Stag

Hare

risk dominant NE

dilemma

players cannot decide on the 
choice Stag/Hare

Pareto optimal NE 



Alice Bob

S

S

S S1 2

1

2

(a, b)

(c, d)

(e, f)

(g, h)

general payoff table

strategy

payoff matrices

Alice: Bob:



useful for analyzing decision making processes 
in economics, sociology, ......

what if the players can resort to qubit strategies?

‘quantization’ of game

 Eisert-Wilkens-Lowenstein (1999),   Meyer (1999)

resolution of the Prisoner’s Dilemma!

classical game theory is based on 

 bit (‘0’ or ‘1’) or their mixture (mixed strategies)
payoffs are specified by matrices 

TEST SPACE

ΠA(x, y) = 7xy + 5(1− x)y + 4x(1− y) + 6(1− x)(1− y)

ΠA(x, y) = 2(2y − 1)x− y + 6

ΠB(x, y) = (−4x + 1)y + 2x + 4

0 1
1
2

1
4

(
1
4
,
1
2

)

λ =
A11 −A01

A10 −A01
λ =

1
5

B(0) = TA(0)T, Aij , Bij



II.  quantum game theory

strategic space：Hilbert space

Alice’s strategy

Bob’s strategy

total ‘strategy’

quantum correlation (entanglement) by referee

Cheon-Tsutsui
 (2005)



payoff: self-adjoint operators

Alice’s payoff

Bob’s payoff

quantum Nash equilibrium (QNE)

expectation values

each player cannot improve their payoff by 
deviating from the QNE unilaterally



2 player 2 strategy quantum games

strategy as qubit

 = 2

probabilistic distribution and interference is now possible!

quantum correlation



Swap

Conversion

conversion of 
strategies of each 

player

swap of strategies 
between 

two players

Twist

three convenient operations

combination 

algebra 

TEST SPACE

ΠA(x, y) = 7xy + 5(1− x)y + 4x(1− y) + 6(1− x)(1− y)

ΠA(x, y) = 2(2y − 1)x− y + 6
ΠB(x, y) = (−4x + 1)y + 2x + 4

0 1
1
2

1
4

(
1
4
,
1
2

)

λ =
A11 −A01

A10 −A01
λ =

1
5

B(0) = TA(0)T, Aij , Bij

|α〉A = α0|0〉A + α1|1〉A (1)

|β〉B = β0|0〉B + β1|1〉B (2)

|α0|2 + |α1|2 = 1

|β0|2 + |β1|2 = 1

ī = 1− i, i = 0, 1



classical limit
choose the basis so that 

then at  (classical limit)  we have

represents probability to choose  

represents probability to choose  

reproduce payoff 
under classical 

mixed strategies

classical game is contained in quantum game

if



S-symmetric

game is ‘fair’

symmetric games

ensured if

T-symmetric

ensured if

examples:  Prisoner’s Dilemma, Stag Hunt

example:  Battle of the Sexes

game is ‘anti-fair’



correlated (effective) payoff operator

pseudo-classical

interference

altruistic converted 

meanings of quantum correlation



quantum Nash equilibria 

‘edge’ solutions



QNE by 
Eisert et.al.

entropy of entanglement

maximal payoff point

but in another dilemma

classical PD

quantum Prisoner’s Dilemma

‘phase structure’ of quantum PD



phase structure of 
symmetric quantum games

6

G′
+

G′
−

τ > 0

H− = 0H+ = 0

|0, 1〉

|1, 0〉

BoS
PD

PD

G′
+

G′
−

τ < 0

H+ = 0H− = 0

|0, 1〉

|1, 0〉

SH

SH

PD

PD

FIG. 1: Phase structures of QNE in terms of edge strategies: τ(A) > 0 (above), τ(A) < 0 (below). The names of the domains
are borrowed from the classical games sharing the same characteristic dilemmas (see Table III). Games in the domains without
names are free from dilemmas within edge strategies and possess a single stable strategy |1, 0〉 or |0, 1〉 among at most two QNE.
The correlation family of a quantum game forms a rectangle on the plane, as shown by the dotted line for the case τ(A) > 0.

version. For this reason, we use ‘PD’ to label the do-
main of those T -symmetric games possessing the edge
QNE at |0, 1〉 which is not Pareto optimal. The Pareto
optimality can be examined by comparing the payoff val-
ues with other strategies, and in the present case this
is done essentially by comparing the payoffs between the
two strategies |1, 0〉 and |0, 1〉. From Table II, we see that
this situation occurs when

H+ > 0, H− < 0, G′
− < 0. (3.17)

We also use the same label ‘PD’ for the domain of games
possessing a QNE at |1, 0〉 which is not Pareto optimal,
since those are identified by the full conversion C in (2.24)
with the standard quantum PD. This is the case when
we have

H+ < 0, H− > 0, G′
− > 0. (3.18)

As shown in Figure 1, the domains of PD appear both
for τ(A) > 0 and τ(A) < 0.

The classical SH game, on the other hand, is an S-
symmetric game which has two NE at (0, 0) and (1, 1),
in which (0, 0) is payoff dominant (i.e., better than (1, 1)
in the payoff) and (1, 1) is risk dominant (i.e., better than
(0, 0) in the ‘average’ over the choice of the other player).
The dilemma is that, while (0, 0) is Pareto optimal, (1, 1)
is preferable for the minimal risk, which makes the play-
ers uncertain to decide which to choose. Now, after the
quantization and the application of the duality map to
get the T -symmetric quantum version of the game, we
will have two edge QNE at |1, 0〉 and |0, 1〉 in the classi-
cal limit, with payoff dominant |1, 0〉 and risk dominant
|0, 1〉. We therefore use the label ‘SH’ to name the do-
main in which the games possess the same QNE with the
above property. In the presence of correlations, we find
from Table II that the payoff dominance of |1, 0〉 requires
G′
− < 0. The risk dominance of |0, 1〉 demands that the

average payoff Alice receives under the choice |0〉A be
larger than that obtained under the choice |1〉A, which
is ensured if G′

+ + G′
− > 0. As in the case of the PD,

the label ‘SH’ is also used for the domain of games pos-
sessing the two QNE with payoff dominant |0, 1〉 and risk

dominant |1, 0〉 for Alice, which are possible if G′
− > 0

and G′
+ + G′

− < 0. These domains ‘SH’ are allowed
only for τ(A) < 0 where |1, 0〉 and |0, 1〉 arise as QNE
between the two parallel lines H± = 0 on the G′

+- G′
−

plane. Combined with the above additional conditions,
the SH domains are characterized by

H+ > 0, H− > 0, G′
−(G′

+ + G′
−) < 0. (3.19)

As shown in Figure 1, the classification of the games
leaves unlabeled domains on the G′

+- G′
− plane for each of

the cases τ(A) > 0 and τ(A) < 0. For τ(A) > 0, we find
two separate domains which contain games possessing a
unique QNE, either at |0, 1〉 or |1, 0〉. These QNE are
Pareto optimal, and hence the games are free from the
dilemma of the PD type. For τ(A) < 0, we have two ad-
ditional domains of games possessing QNE at |0, 1〉 and
|1, 0〉, which are free from the dilemma of the SH. This
result suggests that, if the game under consideration can
be driven to lie in these unlabeled domains by adjusting
the correlations appropriately, then the original dilemma
may be resolved under these correlations, at least within
the realm of edge strategies. In this respect, the phase
diagram given by Figure 1 provides a convenient basis to
examine the problem of optimality of strategies in quan-
tum games.

Since the correlation-family of a symmetric quantum
game is mapped to a rectangle on the G′

+- G′
− plane, we

can classify quantum games in terms of the patterns of
the rectangle formed on the plane. As shown in Figure
2, there are four types of rectangles, determined from
the values of Lh and Lv in (3.15), which are different
in position with respect to the parallel lines H±(γ) = 0
appearing in Figure 1. Combining the two cases τ(A) > 0
and τ(A) < 0 which offer different structures for domains,
we find that there are altogether eight classes of quantum
games which have distinct phase structures of QNE in
terms of edge strategies.

One of the advantages of the present quantization
scheme is that it allows us to establish the connection
between the classical and quantum games in a simple
manner and thereby examine how ‘quantum’ the game
actually is. To see this, let us introduce the correlated

classical limit

quantum PD quantum SH

correlation family of games

no dilemma

Ichikawa-Tsutsui
 (2006)
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G′
+

G′
−

CL

ME

FIG. 4: Phase structure of edge QNE in the BoS game. The
rectangle of the game is smashed to a line segment lying at the
centre as shown by the dotted line, which is entirely contained
in the BoS domain. The right end point CL is the classical
limit and the middle point ME represents the point where the
maximally entangled correlation is realized.

conditions (3.27) are fulfilled for γ2 = 0, π with arbitrary
γ1. For that non-edge QNE, the payoff ΠA(αne,βne; γ) in
(3.35) reduces to (3.36) with A01 = A10. At γ1 = 0 this
non-edge QNE corresponds to the known mixed strategy
NE in classical BoS, which cannot resolve the dilemma
since the payoffs are strictly less than those obtained un-
der the two edge QNE for both of the players. The situa-
tion does not improve even for γ1 != 0, because the payoffs
are independent of γ1 for all strategies. Moreover, on the
general basis of the assignments (4.1) (i.e., without mak-
ing use of the ansatz (3.26)), one can confirm that there is
no non-edge QNE for BoS except for the one mentioned
above. Thus we find that under any correlations γ for
the non-edge QNE we have ΠA(αne,βne; γ) < A11 and
hence

ΠA(i, i; γ) > ΠA(αne,βne; γ), for i = 0, 1. (4.5)

Although the dilemma does not disappear even in
quantum BoS, one may argue that the problem is some-
what mitigated at γ2 = π/2 where the joint strategy state
is maximally entangled. Indeed, under this correlation
the payoffs for the two edge QNE (4.18) for i = 0, 1 coin-
cide and hence the choice of strategies becomes irrelevant
for the players. The dilemma still remains in essence [16],
however, because the players, who cannot communicate,
may inadvertently end up with a wrong strategy, |0, 1〉 or
|1, 0〉, yielding the worst payoff ΠA = ΠB = A01 (for all
γ). A similar conclusion has been drawn for BoS in [2, 8]
using a different quantization scheme with mixed quan-
tum states, while a way out is suggested in an extended
scheme [9]. The analysis [3] made in the scheme of [1]
yields a considerably different outcome, with infinitely
many QNE with the payoffs lower than those of our edge
QNE, indicating that the dilemma is unresolved unless
some subtle reasoning (focal point effect) is invoked.

B. Prisoners’ Dilemma

The PD game can also be analyzed in our scheme by
converting it to a dual T -symmetric game using the map
(2.19). The general S-symmetric PD in classical game

G′
+

G′
−

CL

G′
+

G′
−

CL

FIG. 5: Phase structure of edge QNE in the (T -symmetrized)
PD game for the cases τ(Ā) > 0 (left) and τ(Ā) < 0 (right).
For both of the cases, the rectangle of the game, whose edges
are shown by dotted lines, extends to domains of no dilemmas.

theory may be defined by the payoff matrix for Alice Aij

satisfying

A10 > A00 > A11 > A01, (4.6)

together with Bob’s payoff given by Bij = Aji. Supple-
mental conditions (which is inessential for the following
argument),

2A00 > A01 + A10 > 2A11, (4.7)

may also be imposed in order to render the strategies
(i, j) = (0, 0) and (1, 1) the best and the worst of all
possible strategies with respect to the sum of the payoffs
[13]. The quantum PD is obtained by considering the
self-adjoint operators A, B fulfilling (2.4), and the duality
map (2.19) yields the T -symmetric version of the PD with
the payoff operator Ā possessing the diagonal (classical)
values

(Ā00, Ā01, Ā10, Ā11) = (A10, A11, A00, A01). (4.8)

In terms of the converted payoff values, the conditions
(4.6) and (4.7) turn out to be

Ā00 > Ā10 > Ā01 > Ā11, (4.9)

and

2Ā10 > Ā00 + Ā11 > 2Ā01. (4.10)

Note that under the duality map for strategies (2.16) the
parameters of the states (3.3) acquire the change

(ᾱ1, ᾱ2) = (α1 + π, π − α2). (4.11)

In addition, the duality relation in the correlation (2.18)
amounts to γ1 ↔ γ2 in G± and G′

±. To accommodate
these changes caused by the duality map, we use nota-
tions such as

Ḡ± = G±|A→Ā, γ→γ̄ , H̄± = H±|A→Ā, γ→γ̄ , (4.12)

for our discussion of T -symmetric games.
To examine the possible phase structures of the game,

we observe that neither of the conditions (4.9) and (4.10)
determines the sign of τ(Ā). However, since (4.9) implies

classical BoS

best possible improvement
(Alice and Bob have the 
same payoff at QNE) at 

maximally entangled strategy ... but the dilemma remains

quantum BoS



non-edge QNE

purely quantum

‘non-edge’ solutions

exist depending on correlation     and payoff

(modified) quantum PD
10

that the classical limit γ = 0 locates at the lower right
corner of the rectangle of the game, the inequalities

H̄+(0) = 2(Ā00 − Ā10) > 0,

H̄−(0) = 2(Ā11 − Ā10) < 0,
(4.13)

obtained at the classical limit γ = 0 from (4.9) are suf-
ficient to specify where the corner lies on the G′

+- G′
−

plane. The phase structures of the quantum PD game
are then determined from the patterns of the rectangle
in both of the cases τ(Ā) > 0 and τ(Ā) < 0, as illustrated
in Figure 5. The outcome indicates that the correlation-
family given by the rectangle does extend to domains of
no dilemmas. It follows that, as long as edge QNE are
concerned, the quantum PD can be made dilemma-free
when the correlations are furnished appropriately.

For a full resolution of the dilemma, we need to see
whether a non-edge QNE, if any, alters our conclusion
drawn from the edge QNE. This can be examined from
the analysis given in the previous section. We then learn
that, since the condition (3.31) is violated for (4.9), there
is no non-edge QNE at the classical limit. We also re-
alize that, for generic γ, the existence of non-edge QNE
is dependent on the actual classical values of Aij , and
that for a wide range of payoff values centered at the
standard ones (A10, A00, A11, A01) = (5, 3, 1, 0) used in
the literature (e.g., [1]), there exists no region fulfilling
(3.33) and (3.34) simultaneously, and hence no non-edge
QNE. Thus, our conclusion concerning the resolution of
the dilemma does not change in these standard settings
of the PD game.

C. Stag Hunt

The classical SH game is an S-symmetric game in
which the payoff matrix for Alice fulfills the conditions,

A00 > A10 ≥ A11 > A01, (4.14)

which ensure that the strategies (0, 0) and (1, 1) are clas-
sical NE. Among them, (0, 0) is payoff dominant while
the other (1, 1) becomes risk dominant if

A10 + A11 > A00 + A01. (4.15)

Analogously to the PD, we quantize the SH according to
(2.4) and then T -symmetrize it by the duality map (2.19).
This yields the payoff operator Ā with the diagonal values
(4.8) obeying

Ā10 > Ā00 ≥ Ā01 > Ā11, (4.16)

and

Ā00 + Ā01 > Ā10 + Ā11. (4.17)

Note that (4.16) implies τ(Ā) < 0. It also shows that
the classical limit is at the lower right corner of the rect-
angle of the game, and that we have H̄±(0) < 0. From

G′
+

G′
−

CL

H+ + ∆ = 0

H− + ∆ = 0

FIG. 6: Phase structures of edge QNE (left) and non-edge
QNE (right) in the (T -symmetrized) SH game. For edge
QNE, the rectangle of the game extends to domains of no
dilemmas. For non-edge QNE, the allowed regions by (3.33)
are of the third type in Figure 3, and the two narrow regions
overlapped with (3.34) shown in thick gray indicate the do-
mains where a non-edge QNE appears.

this we can determine the position of the rectangle on the
G′

+- G′
− plane as shown in Figure 6. The phase structure

of the quantum SH game then suggests that, as in PD,
the correlation-family given by the rectangle extends to
domains without dilemmas. Within the edge strategies,
the dilemma of the SH can therefore be resolved in quan-
tum game, if one adjusts the correlations appropriately.
The payoffs ΠA(i, ī; γ) at the edge QNE |α∗,β∗〉 = |i, ī〉
for i = 0, 1 read

ΠA(i, ī; γ) = cos2
γ1

2
Āīi + sin2 γ1

2
Āīi, (4.18)

which fall within the range of the payoffs of the two clas-
sical NE, Ā10 ≥ ΠA(i, ī; γ) ≥ Ā01.

The classical SH game admits a mixed NE, and ac-
cordingly the quantum SH admits a non-edge QNE for
a range of correlations including the classical limit, as
can be confirmed explicitly by examining the condition
(3.37). To see where such correlations occur on the G′

+-
G′
− plane, we consider the lines of equality H± + ∆ = 0

determined by the condition (3.34), which are rewritten
as

G′
+ = −G′

− −
τ2 + σ+σ−
2(G′

− ± τ)
. (4.19)

For the SH we find τ2+σ+σ− > 0 from (4.16) and (4.17).
The domains where the non-edge QNE arise are then
found to be surrounded by the hyperbolae ∆ = 0 and
the curves (4.19), both of which come in contact at

(G′
+, G′

−) = ∓ 1
2τ

(
τ2 + σ+σ−, τ2 − σ+σ−

)
. (4.20)

As illustrated in Figure 6, these domains are given by
two narrow regions along the left and right edges of the
rectangle of the game, indicating that under generic cor-
relations the non-edge QNE does not spoil the resolution
of the dilemma in terms of edge QNE. It is, however,
conceivable that the non-edge QNE, in the region where
it is allowed, could alter the nature of the dilemmas, that
is, the non-edge QNE could be both payoff and risk dom-
inant under some particular correlations in the domains

quantum SH



III.  quantum vs classical

 Cheon-Tsutsui (2005)

initial state correlation measurement

players referee

novelty of quantum game: defines a family of games

roles of referee: collaborative or probabilistic (noise)?

provides full 
deformation of CG 



various different schemes

Eisert et.al. (1999)

provides partial 
extension of CG 

Marinatto-Weber (2000)

provides partial 
deformation of CG 

phase structure of QNE: (basically) scheme-independent

resolution of dilemmas: scheme-dependent



Schmidt scheme

entanglement parameter

October 20, 2005

On the Complete Description of 2-Qubit System

Abstract

We present a complete scheme to describe arbitrary pure states of a 2-qubit system

based on the Schmidt decomposition. With this, one can deduce that local unitary

transformations U(2)×U(2) cannot change the amount of the entanglement of the

state — something abvious but nonetheless should be proven unambiguously.

Consider a pair of qubit systems A and B whose quantum states are described by unit
rays in the two-dimensional Hilbert spaces HA and HB , respectively. A quantum state
representing the combined system is a unit ray in the direct product space H = HA×HB .
Given a state vector |Ψ〉 ∈ H as a representative of an arbitrary unit ray (which may
or may not be entangled) for the combined system, the Schmidt decomposition theorem
states that it can be written as

|Ψ〉 =
√

p |α〉A|β〉B +
√

1− p |α′〉A|β′〉B , (1)

where {|α〉A, |α′〉A} and {|β〉B , |β′〉B} are orthonormal sets in HA and HB , respectively,
and p is a non-negaive real number.

Now take some basis set {|0〉A, |1〉A} in HA chosen independently from the state |Ψ〉
under consideration. Let UA be the unitary operator relating the two bases, {|α〉A, |α′〉A}
and {|0〉A, |1〉A}, as

|α〉A = UA|0〉A, |α′〉A = UA|1〉A. (2)

Analogously, with respect to a basis set {|0〉B , |1〉B} chosen in HB we consider the unitary
operator UB fulfilling

|β〉B = UB |0〉B , |β′〉B = UB |1〉B . (3)

Substituting (2) and (3) in (1), and introducing the angle γ by

p = cos2 γ, 0 ≤ γ ≤ π

2
, (4)

we obtain

|Ψ〉 = cos γ |α, β〉+ sin γ |α′,β′〉 = UA ⊗ UB (cos γ |0, 0〉+ sin γ |1, 1〉) , (5)

under the shorthand notation |ψ, ϕ〉 = |ψ〉A|ϕ〉B .

5

|α∗, β∗〉 Hessian conditions ΠA(α!, β!; γ)
|0, 0〉 H+ > 0, H− > 0 [Tr A + τ(A) + 2G′

+]/4
|0, 1〉 H− < 0 [Tr A− τ(A) + 2G′

−]/4
|1, 0〉 H+ < 0 [Tr A− τ(A)− 2G′

−]/4
|1, 1〉 H+ > 0, H− > 0 [Tr A + τ(A)− 2G′

+]/4

TABLE II: Hessian conditions and Alice’s payoffs for edge
strategies in T -symmetric games. Bob’s payoffs can be ob-
tained from ΠB(α∗, β∗; γ) = ΠA(β̄∗, ᾱ∗; γ).

A. Edge strategies

From (3.10) we see that an obvious set of solutions for
(3.7) are obtained if

sinα!
1 = sin β!

1 = 0. (3.11)

These have solutions given by the semiclassical pure
strategies |i, j〉 for i, j = 0, 1, i.e., the four ‘edge’ strate-
gies,

|0, 0〉, |1, 1〉, |0, 1〉, |1, 0〉, (3.12)

which correspond to classical pure strategies (i, j). Note,
however, that these quantum edge strategies differ from
the classical counterparts because the joint strategy is
determined with the additional correlation factor J(γ).
Note also that on the edge strategies the unitary opera-
tion J(γ) yields only a one-parameter family of correla-
tions for joint states |i, j; γ〉 in (2.2), since one of the two
factors in (2.11) gives merely an overall phase.

For the edge states to become QNE, they also need to
obey the Hessian conditions (3.9), which pose different
requirements for the states as

|0, 0〉 : H+(γ) > 0, H−(γ) > 0,

|0, 1〉 : H−(γ) < 0,

|1, 0〉 : H+(γ) < 0,

|1, 1〉 : H−(γ) > 0, H+(γ) > 0,

(3.13)

where we have used

H±(γ) = τ(A) ± I ′+(γ), (3.14)

and ignored the cases of equalities for brevity. These con-
ditions and the payoffs for the edge solutions are summa-
rized in Table II. To see when these conditions are fulfilled
for different γ, it is convenient to consider the plane co-
ordinated by (G′

+, G′
−) with G′

± given in (3.6). One then
sees that, as shown in Figure 1, the entire parameter re-
gion of γ is mapped to a rectangular area in the centre
of the G′

+- G′
− plane with the horizontal length Lh and

the vertical length Lv given by

Lh = 2|A00 −A11|, Lv = 2|A01 −A10|. (3.15)

It is worth noting that, at each of the midpoints of
the four edges, the operation J(γ) can yield a maximally
entangled joint strategy state. For instance, for A01 >

label QNE characteristics
BoS |0, 0〉 and |1, 1〉 none
PD |1, 0〉 or |0, 1〉 not Pareto optimal
SH |1, 0〉 and |0, 1〉 either payoff or risk dominant

TABLE III: QNE and their characteristics in the domains
on the G′

+- G′
− plane classified by the labels of the classi-

cal games. Both PD and SH games are mapped to their T -
symmetric dual versions.

A10 the midpoint (G′
+, G′

−) = (0, Lv/2) corresponds
to J(π/2, 0) under which the edge state |01〉 becomes
(|01〉 + i|10〉)/

√
2. Similarly, for A00 > A11 the mid-

point (G′
+, G′

−) = (Lh/2, 0) corresponds to J(0,π/2) un-
der which the edge state |00〉 becomes (|00〉+ i|11〉)/

√
2.

The four corners of the rectangle, on the other hand, cor-
respond to J(mπ, nπ) for m,n = 0, 1, which are S, T , C,
and I operations, and hence the resultant joint strategies
are all unentangled. On the G′

+- G′
− plane, the Hessian

conditions determine the domains of allowed edge QNE
which are separated by the parallel lines H±(γ) = 0 (see
Figure 1). Observe that, depending on the domains the
allowed edge QNE are different, and that the combina-
tions of the edge QNE are altered when the sign of τ(A)
is reversed. Note that for τ(A) > 0 all edge strategies in
(3.12) arise as a QNE for some γ, whereas for τ(A) < 0
only |0, 1〉 and |1, 0〉 become QNE.

As will be seen shortly, as long as the edge strategies
are concerned our quantum game is simulated by classical
games possessing the corresponding NE. In view of this,
we may characterize the domains on the G′

+- G′
− plane

by the typical classical games sharing the same NE. We
do this by using the BoS, PD and SH as the represen-
tatives (see Table III). Here, the label ‘BoS’ is chosen to
designate the domain of games possessing two edge QNE
at |0, 0〉 and |1, 1〉, which is an obvious choice because
the classical BoS game is T -symmetric and has the cor-
responding NE at (i, j) = (0, 0) and (1, 1). None of these
NE admits better payoffs to both of the players, simulta-
neously, leading to the dilemma that they cannot decide
on which strategy the should choose. The domain ‘BoS’
arises only for τ(A) > 0 and the required conditions are

H+ < 0, H− < 0. (3.16)

The domain fulfilling these forms a diagonal strip be-
tween the parallel lines H± = 0 on the G′

+- G′
− plane

(see Figure 1).
To justify the assignment of the other labels, recall

that the classical PD game is an S-symmetric game and
has a NE at (1, 1) which is unique. The problem of the
game is that the NE is not Pareto optimal, i.e., there
exists another strategy which improves the payoffs for
the two players, simultaneously, and this constitutes the
dilemma. Upon quantization, the quantum PD, in the
classical limit, will have one edge QNE at |1, 1〉, which
turns into |0, 1〉 by the duality map (2.14) when it is
employed to convert the PD into the T -symmetric dual

3

Adopting, for simplicity, the value γ = 0 for the refer-
ence point at which J(γ) = I holds, we find that, for
the uncorrelated product strategies |α, β; 0〉 = |α, β〉, the
payoffs (2.3) become

ΠA(α, β; 0) = 〈α, β; 0|A|α, β; 0〉 =
∑

i,j

xiAijyj ,

ΠB(α, β; 0) = 〈α, β; 0|B|α, β; 0〉 =
∑

i,j

xiBijyj ,
(2.5)

where xi = |ξi|2, yj = |χj |2 represent the probability
of realizing the strategies |i〉A, |j〉B under the general
choice |α〉A, |β〉B (see (2.1)). This ensures the existence
of a classical limit at which the quantum game reduces
to the classical game defined by the payoff matrix Aij ,
where now Alice and Bob are allowed to adopt mixed
strategies (see, e.g., [13]) with probability distributions
xi, yj (

∑
xi =

∑
yj = 1) for strategies i, j. We thus

see that the quantum game is an extension of the classi-
cal game, where the correlation γ may me regarded as a
quantum parameter playing the role of the Planck con-
stant ! in quantum physics. Note that, since the set
{|i, j〉 , i, j = 0, 1} forms a basis set in the entire Hilbert
space H, the payoff operators A and B are uniquely de-
termined from the classical payoff matrices by (2.4); in
other words, our quantization is unique.

The aforementioned symmetries in classical game can
also be incorporated into quantum game by using cor-
responding appropriate symmetry operators. Indeed, by
introducing the swap operator

S|i, j〉 = |j, i〉, (2.6)

we see immediately that in the classical limit the game
is S-symmetric, ΠB(β, α; 0) = ΠA(α, β; 0), provided that
the payoff operators A and B fulfill

B = S AS. (2.7)

Analogously, if we introduce the notation ī = 1 − i for
i = 0, 1 (i.e., 0̄ = 1 and 1̄ = 0) and thereby the twist
operator,

T |i, j〉 = |j̄, ī〉, (2.8)

and the twisted states,
∣∣ᾱ, β̄

〉
= T |α, β〉 =

∑

i,j

ξi(α) χj(β) |j̄, ī〉, (2.9)

we find that in the classial limit the game is T -symmetric,
ΠB(β̄, ᾱ; 0) = ΠA(α, β; 0), provided that the operators
fulfill

B = T A T. (2.10)

The symmetries can be elevated to the full quantum
level if we adopt the correlation factor in the form [7],

J(γ) = eiγ1S/2eiγ2T/2, (2.11)

with real parameters γi ∈ [0, 2π) for i = 1, 2. In fact, one
can readily confirm, using [S, T ] = ST − TS = 0, that
under (2.10) the game is S-symmetric

ΠB(β, α; γ) = ΠA(α, β; γ), (2.12)

even in the presence of the correlation (2.11). Similarly,
the game is T -symmetric

ΠB(β̄, ᾱ; γ) = ΠA(α, β; γ), (2.13)

if (2.10) is fulfilled. Since the correlation parameters in
γ are arbitrary, the properties (2.12), (2.13) imply that
a symmetric quantum game consists of a (γ-parameter)
family of games with the (S or T ) symmetry exhibited
for each γ.

It is interesting to observe that these two types of sym-
metric games are actually related by unitary transforma-
tions. To see this, let us introduce the operator CA which
implements the conversion for Alice’s strategies,

CA|i, j〉 = |̄i, j〉. (2.14)

Note that CA satisfies

CA S CA = T, CA T CA = S. (2.15)

Consider then the transformation of strategy by unilat-
eral conversion by Alice,

|α, β; γ〉 → CA|α, β; γ〉. (2.16)

On account of the relation (2.14) and the form of the
correlation (2.11), we find

CA|α, β; γ〉 = |ᾱ, β; γ̄〉, (2.17)

with γ̄ given by

(γ̄1, γ̄2) = (γ2, γ1). (2.18)

In addition, one may also consider the transformation
on the payoff operators,

A → Ā = CA ACA, B → B̄ = CA B CA. (2.19)

One then observes that, if the game is S-symmetric fulfill-
ing (2.7), the game defined by the transformed operators
becomes T -symmetric,

B̄ = T Ā T. (2.20)

Analogously, if the game is T -symmetric fulfilling (2.10),
then the transformed operators define an S-symmetric
game,

B̄ = S ĀS. (2.21)

This shows that the conversion CA in (2.14) provides
a one-to-one correspondence, or duality, between an S-
symmetric game and a T -symmetric game. Some quan-
tities in quantum game are invariant under the duality
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On the Complete Description of 2-Qubit System

Abstract

We present a complete scheme to describe arbitrary pure states of a 2-qubit system

based on the Schmidt decomposition. With this, one can deduce that local unitary

transformations U(2)×U(2) cannot change the amount of the entanglement of the

state — something abvious but nonetheless should be proven unambiguously.

Consider a pair of qubit systems A and B whose quantum states are described by unit
rays in the two-dimensional Hilbert spaces HA and HB , respectively. A quantum state
representing the combined system is a unit ray in the direct product space H = HA×HB .
Given a state vector |Ψ〉 ∈ H as a representative of an arbitrary unit ray (which may
or may not be entangled) for the combined system, the Schmidt decomposition theorem
states that it can be written as

|Ψ〉 =
√

p |α〉A|β〉B +
√

1− p |α′〉A|β′〉B , (1)

where {|α〉A, |α′〉A} and {|β〉B , |β′〉B} are orthonormal sets in HA and HB , respectively,
and p is a non-negaive real number.

Now take some basis set {|0〉A, |1〉A} in HA chosen independently from the state |Ψ〉
under consideration. Let UA be the unitary operator relating the two bases, {|α〉A, |α′〉A}
and {|0〉A, |1〉A}, as

|α〉A = UA|0〉A, |α′〉A = UA|1〉A. (2)

Analogously, with respect to a basis set {|0〉B , |1〉B} chosen in HB we consider the unitary
operator UB fulfilling

|β〉B = UB |0〉B , |β′〉B = UB |1〉B . (3)

Substituting (2) and (3) in (1), and introducing the angle γ by

p = cos2 γ, 0 ≤ γ ≤ π

2
, (4)

we obtain

|Ψ〉 = cos γ |α, β〉+ sin γ |α′,β′〉 = UA ⊗ UB (cos γ |0, 0〉+ sin γ |1, 1〉) , (5)

under the shorthand notation |ψ, ϕ〉 = |ψ〉A|ϕ〉B .
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decomposition

October 20, 2005

On the Complete Description of 2-Qubit System

Abstract

We present a complete scheme to describe arbitrary pure states of a 2-qubit system

based on the Schmidt decomposition. With this, one can deduce that local unitary

transformations U(2)×U(2) cannot change the amount of the entanglement of the

state — something abvious but nonetheless should be proven unambiguously.

Consider a pair of qubit systems A and B whose quantum states are described by unit
rays in the two-dimensional Hilbert spaces HA and HB , respectively. A quantum state
representing the combined system is a unit ray in the direct product space H = HA×HB .
Given a state vector |Ψ〉 ∈ H as a representative of an arbitrary unit ray (which may
or may not be entangled) for the combined system, the Schmidt decomposition theorem
states that it can be written as

|Ψ〉 =
√

p |α〉A|β〉B +
√

1− p |α′〉A|β′〉B , (1)

where {|α〉A, |α′〉A} and {|β〉B , |β′〉B} are orthonormal sets in HA and HB , respectively,
and p is a non-negaive real number.

Now take some basis set {|0〉A, |1〉A} in HA chosen independently from the state |Ψ〉
under consideration. Let UA be the unitary operator relating the two bases, {|α〉A, |α′〉A}
and {|0〉A, |1〉A}, as

|α〉A = UA|0〉A, |α′〉A = UA|1〉A. (2)

Analogously, with respect to a basis set {|0〉B , |1〉B} chosen in HB we consider the unitary
operator UB fulfilling

|β〉B = UB |0〉B , |β′〉B = UB |1〉B . (3)

Substituting (2) and (3) in (1), and introducing the angle γ by

p = cos2 γ, 0 ≤ γ ≤ π

2
, (4)

we obtain

|Ψ〉 = cos γ |α, β〉+ sin γ |α′,β′〉 = UA ⊗ UB (cos γ |0, 0〉+ sin γ |1, 1〉) , (5)

under the shorthand notation |ψ, ϕ〉 = |ψ〉A|ϕ〉B .
analysis becomes extremely simple
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future directions

• firmer foundation:  furnish a standard framework for QG 
based on some guiding principle (which is missing at present)

• generalization: study non-commutative case                    , 
establish m-player, n-strategy QG, evolutionary QG theory 
(introduction of dynamics), ..., as done in CG

• explore quantum mechanics: interpret Bell (CHSH) inequality, 
Kochen-Specker, etc. in terms of QG

• application: find systems where QG may be relevant (quantum 
information/communication, molecular evolution of species?)

TEST SPACE

ΠA(x, y) = 7xy + 5(1− x)y + 4x(1− y) + 6(1− x)(1− y)

ΠA(x, y) = 2(2y − 1)x− y + 6

ΠB(x, y) = (−4x + 1)y + 2x + 4

0 1
1
2

1
4

(
1
4
,
1
2

)

λ =
A11 −A01

A10 −A01
λ =

1
5

B(0) = TA(0)T, Aij , Bij [A,B] "= 0 [A,B] = 0

|α〉A = α0|0〉A + α1|1〉A (1)

|β〉B = β0|0〉B + β1|1〉B (2)

|α0|2 + |α1|2 = 1


