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Jet Obsarvables

Experimentally:

$ major testing ground of QCD in et e~ annihilation

® measurement of the 3—Jet production rate and related event shape observables
allows a precise determination of «

® current error on o5 from jet observables dominated by theoretical uncertainty:
K. Long, ICHEP 2002

as(Mz) = 0.1202 4 0.0003(stat) + 0.0009(sys)
+0.0009(had)40.0047(scale)
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Jet Obsarvables

Theoretically:

® Partons are combined into jets using the same jet algorithm (recombination

procedure) as in experiment

LO NLO NNLO
| each € 2 partons in ¢l  3partonsin
<Z_[ > <28/ _> gl >
N /  parton 8 ,/ 1jet, 1parton 8 / 1jet, 2 partons
\ / \ / \ S /
\ / . \ / . \ / ;
Uy forms 1 jet Uy experimentally \ [/ experimentally
on its own unresolved unresolved

Current state-of-the-art: NLO
Need for NNLO:

® reduce error on o

® Dbetter matching of parton level and hadron level jet algorithm
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Jetsin Perturbation Theory

Ingredients to NNLO m-jet:

® Two-loop matrix elements

2 . . . .
|M|2-Ioop,m partons explicit infrared poles from loop integrals

® One-loop matrix elements

explicit infrared poles from loop integral and

2 . . .
|M|1—Ioop,m+1 partons implicit infrared poles due to single unresolved
radiation
® Tree level matrix elements
M2 implicit infrared poles due to double unresolved

Infrared Poles cancel in the sum
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Real Correctionsat NNLO

Infrared subtraction terms

m + 2 partons — m jets: m + 2 — m + 1 pseudopartons — m jets:
/
”ﬁg . w@ »@ —.C W<:
® Double unresolved configurations: ® Single unresolved configurations:
® triple collinear ® collinear
® double single collinear ® soft
® soft/collinear

9

double soft

J. Campbell, E.W.N. Glover; S. Catani, M. Grazzini
Issue: find subtraction functions which

® approximate full m + 2 matrix element in all singular limits

® are sufficiently simple to be integrated analytically
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NL O Antenna Subtraction

Structure of NLO m-jet cross section (subtraction formalism):
Z. Kunszt, D. Soper

S %
/ doxro + / donro
d®,, 41 d®m,

donro = / (dOJJ\%ILO - do—]%LO) +
d®,,4+1

S R
®$ doy ;. local counter term for doti;

® doll, , —doy, o free of divergences, can be integrated numerically

Building block of daf,LO: NLO-Antenna function X?jk

Normalised and colour-ordered 3-parton matrix element with 2 radiators and 1 radiated
parton in between

(J. Campbell, M. Cullen, E.W.N. Glover; D. Kosower)

1
Sm—|—1

do-]S\TLO :N Z dq)m+1(p17"'7pm+1;q)
m-+1

X Z X%k |Mm(p17 .- 1ﬁ]7ﬁK7' .- ,pm—{—l)|2 JT(nm)(pla .- 1131715}{7' . '7pm—|—1)
J

Dipole formalism (S. Catani, M. Seymour): two dipoles = one antenna Antenna Subiraction at NNLO — p.7



NL O Antenna Subtraction

ijk — z’jk,IKm
IK

Phase space factorisation
d®m41(p1s- - Pm+159) = dPm(p1, ..., P1,PK, - -, Pm+15q) - dPx, ., (Pi, Pjs Pk; D1 + D)
Integrated subtraction term (analytically)

Mo |2 5™ dd)m/dCDXijk X0~ (Mo |2 IS5 d@m/d@3|M§jk|2

. - V
can be combined with doy o
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NNL O Infrared Subtraction

Structure of NNLO m-jet cross section:

_ R S S
donNLO = / (dUNNLo — daNNLO) ‘|‘/ doxnLo
dCI)m_|_2 ch)m—I—Q

V,1 Vs,1 VS,1
+/ (dUNNLo - dUNNLo) +/ donnLo
APy, 41 APy, 41

V,2
+ / don'NrLo >
d®,,

S . . - . R
» dUNNLo- real radiation subtraction term for dUNNLo

V,1

VSl o, , :
» do one-loop virtual subtraction term for do /5,7

NNLO*

V,Q . . .
9o do \'n1o: two-loop virtual corrections
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Double Real Subtraction

Tree-level real radiation contribution to m jets at NNLO

1
Sm—|—2

donnro =N Z d®mt2(p1, -+ Pm+2;9)
m-+2

|2 J7'(nm+2) (

X [ Mmi2(p1,.. ., Dm+2) Pl Pm+2)

$ Jdo,, 5 full m + 2-parton phase space

9o J&mw): ensures m + 2 partons — m jets
— two partons must be experimentally unresolved

Up to two partons can be theoretically unresolved (soft and/or collinear)

Building blocks of subtraction terms:
® products of two three-parton antenna functions

® single four-parton antenna function
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| Double Real Subtraction

Distinct Configurations for m + 2 partons — m jets: Colour connections
® one unresolved parton (a)

® three parton antenna function X,?j .. can be used (as at NLO)
® this will not yield a finite contribution in all single unresolved limits

» two colour connected unresolved partons (b)

® four-parton antenna function X

L

o o —P oo

17kl

® two almost colour-unconnected unresolved partons (common radiator) (c)
i | K M

i k m
~pyuugyss s — -l Je gy

® strongly ordered product of non-independent three-parton antenna functions

® two colour-unconnected unresolved partons (d)
i n o p I K N

p
-~ U - s == e -
® product of independent three-parton antenna functions I
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Double Real Subtraction

Two colour-connected unresolved partons
1

S,b o .
dUNNLO_N qu)m+2(p17~--apm+27q)s
— m-+2

0 0 0 0 +0
X E (Xz'jkl — Xk XTIkl — XjleiJL)
ik

X |Mm(p1, .. aﬁ]7ﬁL7' . . ,pm—|—2)|2 JT(nm)(p17 . '713[7[5[/7 SR ,pm—{—2)

> X,?jkl: four-parton tree-level antenna function contains all double unresolved
pj, pr limits of | M,,, 1 2|?, butis also singular in single unresolved limits of p; or py

$ XD, X]k,: cancels single unresolved limitin p; of X7,

$ X7, X cancels single unresolved limit in pj, of X7,

& Triple-collinear, soft-collinear, double soft limits: X7, X7, X7, X — 0

9

- - it w0 30 0 O
Double single collinear limit: Xz’ijIKl’ XjleZ.KL #0
S,a

cancels with double single collinear limit of do'/,; -
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Double Real Subtraction

Two colour-connected unresolved partons

k 0O _gq..
Xijk;l — Sz]kl,IL |

Phase space factorisation

d(I)m—I—Q(pla c ey Pm+2; q) — d(I)WL(pla e sPI, DLy - y Pm+25 Q)d(I)kal (piapjapkapl;ﬁf +25L)

Integrated subtraction term (analytically)

Mo |2 5™ d@m/d@xijkl X000~ (M| T dd)m/d61>4|M-0jkl|2

(2

Four-particle inclusive phase space integrals are known

A. Gehrmann—De Ridder, G. Heinrich, TG
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One-loop real radiation

The m + 1-parton one-loop contribution to m-jet:

1
V1 B .
dUNNLO - deq’m+1(P1a---,pm+1,Q)S
m-+2 m—+1
+1
with X|Mpyy1(P1y -y Pmt1)]? Jim )(pl,---,pm+1)

1 tree,
|M%n—|—1(p17 S ,pm—{—l)|2 = 2Re (Mrcr)b(fl(pb < 7pm—|—1)MT:Lnj—el*(p17 S ,pm—{—l))

Two types of singularities

. 1 2 . . .
® renormalized one-loop M., 1|7 has explicit infrared poles

® one of the m + 1 partons can become unresolved, producing implicit infrared poles
Requirements for virtual-real subtraction term

® cancel explicit infrared poles (a)

V,1

® approximate do /'y ;o

in all single unresolved limits (b)

® remove oversubtracted explicit/implicit poles (c)

do V51 VS,1,a VS,1,b VS, 1,c

onnro =4donNro T donNLo T donNLo _
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| Single unresolved loop subtraction

Subtraction of explicit poles

AtNLO: [do%, o + do), , = finite, therefore

1
Sm—{—l

VS,la _ S, B |
doynro = =403 N0 = =N D dPmi1(p, .- Pmt1;9)
m-+1

1
X ZXz%k(SikﬂMm—l—l(pl, s DisPley - v ,pm_|_1)|2 Jy(,,fnjL )(pl, e DisPhey e ,pm+1)]
i1k

with integrated antenna function
X (sin) = /dCIDDX,?jk

— can contain implicit infrared poles as one parton in |M,,, 11| can be unresolved

|
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Single unresolved loop subtraction

Subtraction of single unresolved contributions

Single unresolved limit of one-loop amplitudes

J unresolved

Loopm+1 — Splitiree X Loopm + Splitjpep X Treem

Z. Bern, L.D. Dixon, D. Dunbar, D. Kosower; S. Catani, M. Grazzini; D. Kosower, P. Uwer

Z. Bern, V. Del Duca, W.B. Kilgore, C.R. Schmidt

Z. Bern, L.D. Dixon, D. Kosower; S. Badger, E.W.N. Glover

Accordingly: Splitiyee — X?jk, Splitioop — Xq;ljk
1

Sm+1

VS,1,b
dJNNLO = N Z dq)m—l—l(pla ey Pm+1; q)
m-+1

<Y X% IME (1, B B Dt D2 IS D1, B PR - Pl
J

+ Xz'ljk |Mm(p1,. . PI, DK - - '7p’m+1>|2 J’I(nm)(pla-- s PI, DK - - - ,pm+1)
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Single unresolved loop subtraction

Subtraction of single unresolved contributions

X1 one-loop three-parton antenna function

2 2
Xlk Xlk S..kIK |szk| _XOk |M K|
LK,
(V] (] |MIK|2 1] |M K|2

® One-loop real radiation subtraction term do V.22 1% correctly approximates
NNLO

one-loop m + 1-parton matrix element in all single unresolved limits

® Outside singular limits (m + 1 partons — m jets): da]‘\/,%};’g yields explicit infrared
poles (oversubtraction)
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Colour-ordered antenna functions

Antenna functions
>

$
»
$
$

colour-ordered pair of hard partons (radiators) with radiation in between
® hard quark-antiquark pair

® hard quark-gluon pair

# hard gluon-gluon pair

three-parton antenna — one unresolved parton
four-parton antenna — two unresolved partons
can be at tree level or at one loop

all three-parton and four-parton antenna functions can be derived from physical
matrix elements, normalised to two-parton matrix elements
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| Antenna functions

Quark-antiguark

consider subleading colour (gluons photon-like)

— 1
1 13 3
3 4
1113 2
4 I o "
13
5 5
2 53 B
23

1)i3 — =
|qu999|2(153a47572) — |qugg|2(137475723) X X132

[Mgggl® _
X132: |]\4qq_g|2 :Ag(1Q73972Q)
qq
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Antenna functions

Quark-gluon
1 13 1
>7 3
4 34 4
S ><
5 5 13
2 5 o /434
3|4 —
| Magazg|*(1,3,4,5,2) 215 [Mqqe0|*(13,34,5,2) x X1a4
q q® : spin 1/2, colour triplet
\(;vlljtzrlk(]a(l%)ra;r:iltzzzon 51 ¢(13) : spin 1/2, colour triplet
O g g¢(34) : spin1,colour octet

g

Off-shell matrix element: violates SU(3) gauge invariance
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Antenna functions

Quark-gluon

Construct colour-ordered ¢gg antenna function from SU (3) gauge-invariant decay:
neutralino — gluino + gluon (A. Gehrmann—De Ridder, E.W.N. Glover, TG)

g X ¢ spin1/2,colour singlet Gluino g mimics quark and antiquark
L g + spin1/2,colour octet  (same Dirac structure), but is octet in
% g g : spin 1, colour octet colour space
X — gg described by effective Lagrangian
H. Haber, D. Wyler
——— 3 _ .4y a
q- X Lint = tpgor P F, + (h.c.)
4 4
— - — Antenna function
13 13

|]\4~ /—/|2
N - — Xqgy = —999 ' =F91,.3 , 4-
qﬂ/éﬁ% X %34 134 |M§g|2 3( qyr92q’> q’)
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Antenna functions

Gluon-gluon
1 1 3
: T &
3|4 5
4 — X —
—~ 34
2 2 rr

3|4 —
|MQC?9999|2<173747 572) L |qu_99|2<17347 45, 2) X X345

H — gg described by effective Lagrangian
F. Wilczek: M. Shifman, A. Vainshtein, V. Zakharov

A
Cing = S HE, Fi*

(@) ] N w
T,
(@) 1NN w

31 e Antenna function

ii&%

O 2

g TER M

y@%,\, H ifv X345 = M = F??(3974ga5g)

45 |]\499|2
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Antenna functions

tree level one loop
quark-antiquark

497 AYq,9,7) Al(q,9,7), AN(g,9,7), AL(q,9,0)
9997 A%q,9,9,9), AY(a,9,9,7)
q9'q7'q B(q.q'.q,q)

9qqq C(q,4,7,9)

quark-gluon

499 DY(q,9,9) Di(q,9.9), Di(q,9,9)

4999 DY(q,9.9,9)

qq'q ES(q,q,q) Eda,d,T), EXq,d,T), EX(q, ¢, )
qq'qg EY¢.q,T,9), E(q,q,q9)

gluon-gluon

999 F9(g.9,9) Fi(9,9,9), F3(9,9,9)

9999 F(9,9,9,9)

947 G3(9,4,9) Gi(9,4.0), Gi(9.4,0), G3(9,4,9)
9979 G9(9,4,0,9), G(9, 4.4, 9)

q9qq'q7 H)(4,3,4,7)
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Antenna functions

Numerical implementation

® requires partonic emissions to be ordered
® two hard radiators identified uniquely (not a priori the case for gg and gg)
® each unresolved parton can only be singular with its two adjacent partons

® needto separate

® multiple antenna configurations in single antenna function
(e.g. F'(34,44,54) contains three configurations: (345), (453), (534))

® non-ordered emission (if gluons are photon-like)

® all ordered forms (obtained by partial fractioning) of a given antenna function have
® the same phase space factorisation
» different phase space mappings (D. Kosower)
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ete” — 3]etsat NNLO

First applications of antenna subtraction

$ NNLO corrections to 1/N? colour factorin ete™ — 3 jets

9
9
9

constructed 5-parton and 4-parton subtraction terms
5-parton channel numerically finite in all single and double unresolved regions

4-parton channel free of explicit 1 /e poles and numerically finite in all single
unresolved regions

3-parton channel free of explicit 1 /¢ poles

Poles (dUJS\rNLO +doy o + daJ‘\/T,J2\7LO> =0

V,2

® explicit infrared pole terms of do NN Lo Can be expressed by integrated antenna
functions for all colour factors

® other colour factors in progress
A. Gehrmann-De Ridder, E.W.N. Glover, G. Heinrich, TG (— talk of G. Heinrich)
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Main features of antenna subtraction at NNLO

»
N

L I

building blocks of subtraction terms: 3 and 4 parton antenna functions

antenna functions are derived from physical | M |?
® quark-antiquark: v* — q7 + X

® quark-gluon: y — gg + X

® gluon-gluon: H — gg + X

subtraction terms:

#® approximate correctly the full | M|? (double real)
® do not oversubtract

® can be integrated analytically

in progress: all colour factors in 3-jet rate

possible extensions: lepton-hadron, hadron-hadron; same antenna functions, but
different phase space
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